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Abstract 

This paper gives a detailed construction of Seiberg-Witten-Floer homology for a closed ori- 
ented 3-manifold with a non-torsion Spin c structure. Gluing formulae for certain 4-dimensional 
manifolds splitting along an embedded 3-manifold are obtained. 
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1 Introduction and statement of results 



In this paper we give a detailed account of the construction of Seiberg-Witten-Floer homology 
for a closed oriented 3-manifold Y with a non-torsion Spin c structure s and discuss some appli- 
cations. The basic idea is to think of the Seiberg-Witten equations as defining critical points 
for the Chern-Simons-Dirac functional. This functional is on the configuration space (which 
consists of pairs of U(l) connections and spinors modulo the gauge transformations) but may 
have degenerate critical points. These can be removed by a suitable perturbation. To construct 
the Seiberg-Witten-Floer homology one proceeds to study the time independent gradient flow 
lines from one critical point to another. These flow lines or trajectories may be thought of as 
solutions to the Seiberg-Witten equations in temporal gauge on the four manifold Y x K. A 
suitable choice of perturbation of the Chern-Simons-Dirac functional gives the desired properties 
(such as smoothness and transversality) for the moduli space of trajectory flowlines. 

We now summarise the contents of the paper. In section 2, we review the basic properties 
of Seiberg-Witten monopoles on a closed, oriented 3-manifold (Y,g,s) with Spin c structure s 
and metric g. Section 3 gives a complete account of the infinite dimensional Morse theory for 
the Chern-Simons-Dirac functional whose critical points satisfy the Seiberg-Witten equations 
on (Y, g,s). The downward gradient flowline of the Chern-Simons-Dirac functional, thought as a 
solution to the Seiberg-Witten equations on a cylinder M x Y, is endowed with an energy function 
(|22| ) , such that when the energy is sufficiently small, the flowline stays in a small neighbourhood 
of some critical point (see Lemma [T^). This enables us to analyse the local behaviour of any 



gradient flowline near a critical point in Proposition under the small energy condition. 
In order to achieve transversality for the moduli space of flowline, we adopt the sort of 



perturbations suggested by Kronhcimcr with an additional condition |3.12| . We also show 
that, for generic perturbations, the moduli space of flowlines with finite energy is smooth for 



each connected component (cf. Theorem 3.16), which can be compactified to a smooth manifold 
with corners (cf. Proposition |3.1g ) . 

The analysis developed in this paper can be applied to more general cases but we only discuss 
one namely Seiberg-Witten-Floer homology theory for a closed oriented 3-manifold Y with 
b\ (Y) > and a Spin c structure s such that ci(s) is non-torsion. For any rational homology 3- 
sphere, there exists an equivariant Seiberg-Witten Floer homology in p0[ , which is a topological 
invariant of the underlying manifold and Spin c structure. For the case of (Y, 5) with &i(Y) > 
and ci(s) = 0, Seiberg-Witten-Floer homology theory will be investigated elsewhere |2lJ]. The 
results on Seiberg-Witten-Floer homology for a closed 3-manifold Y with b\ (Y) > and a non- 
torsion Spin c structure in this paper are summarized in the following theorem, whose proof will 
be given in section 3. 
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Theorem 1.1. For any closed oriented 3-manifold Y with b\{Y) > and a Spin c struc- 
ture 5 such that ci(s) ^ in H 2 (Y,Z) /Torsion, let d{s) be the divisibility of ci(s) in 
H 2 (Y,Z) /Torsion, that is 

d(s) = g.c.d.{< ci(s), a >: for a G H 2 {Y, Z)}. 

Then there exists a finitely generated Seiberg-Witten- Floer complex whose homology HFf w (Y,s) 
satisfies the following properties: 

1. HF^ w (Y,s) is a topological invariant of (Y,s) and is a Z d ( s y graded Abelian group. 

2. There is an action of 

A(Y) = Sym*(H (Y,Z)) ® A* (i2i (Y, Z) /Torsion) 

on HFf w (Y,s) with elements in H (Y,Z) and Hi(Y,Z) /Torsion decreasing degree in 
]jpsw g) by 2 and 1 respectively. 

3. For (— Y, — s), where —Y is Y with the reversed orientation and — s is the induced Spin c 
structure, the corresponding Seiberg-Witten- Floer complex C*(— Y, — s) is the dual complex 
of C* (Y, s) . There is a natural pairing 

( , ) : HF? W (Y, b) x HF™{-Y, -a) — > Z 

smc/i i/iai < z.Ei,S2 >=< Si,£.S2 > /or any z G A(Y") = A(— F) and any cycles 
Si e HF? w (Y,s) and S 2 G (-Y,-s) respectively. 

4- For any subgroup K C ifer(ci(s)) C _ff 1 (F,Z), t/iere is a variant of Seiberg-Witten- 
Floer homology denoted by HF^(Y,$). HF^(Y,s) is a topological invariant and a 
Z-graded A(Y) module. For any element [u] G H 1 (Y,Z)/K, there is an action of [u] 
on HF^^(Y,s) which decreases degree by < [u] A Ci(s),[F] > . There exists a A(Y)- 
equivariant homomorphism: 

HF™ K] (X, s) HF? W (Y, 8 ). (1) 

There is also a natural pairing 

( , ) : HF™ K] (Y, s) x HF s _f m {-Y- S )^Z (2) 

satisfying < z.Ei,H2 >=< Si,z.S2 > for any z G A(Y) = A(— Y) and any cycles 
Si e iJ^ 5 ^](y,s) and S 2 G iTFf ^ (-Y, -s) respectively. If K x C K 2 are two sub- 
groups in Ker{c\(s)) , there is a A(Y)-equivariant homomorphism: 

HFf^Y,*) ^ HF™ a] {Y,s). 
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Moreover, HFfy^ er , c , g ^y,(Y,s) satisfies the following periodicity property: 

H ^m^er(ci(s))]C^ s ) — ^^m^nod d(»)(^ s )> (3) 

for any mgZ. 



Section 4 gives an application to the problem of associating invariants to a 4-manifold with 
boundary and gluing formulae for 4-dimensional monopole invariants. The setup here is to 
start with a 4-manifold (X + ,s+) with cylindrical end modelled on (Y, t): that is, over the end 
[— 2,oo) x Y, there is a fixed isomorphism between the restrction of 5+ and the pull-back Spin c 
structure of t. In addition, we assume ci(det(t)) is non-torsion. 

Finite energy solutions to the Seiberg-Witten equations on X + define a moduli space with 
finite variations of the perturbed Chern-Simons-Dirac functional on the end. We associate to 
this moduli space a boundary asymptotic value map 

doo ■■ M x+ (s+) — > M Y ,x+(t,v) 

where M.y,x + {t, ff) is the quotient of solutions to the perturbed Seiberg-Witten equations on 
(Y, t, 77) by the action of those gauge transformations which can be extended to X+. In fact, 

7T+ : M Y ,x+(t,r)) — >M Y (t,r/) 

is a covering map with fiber an H l {Y, Z)/7m(i^)-homogeneous space. Here Im{i* + ) is the range 
of the map i* + : H 1 (X+ , Z) -> H 1 ( Y, Z) . 

Over the end [—2, 00) x Y, if (X + ,s + ) is modelled on (Y, t) up to an isomorphism 
u G C°°(Y, U(l)), then the corresponding asymptotic value map is given by [u] o with 
[it] G ff 1 (Y, Z)/ Im(i+) determined by the connected component of C°°(Y,U(1)) which u be- 
longs to. 

Fix an orientations on A*°PiJ 1 (X+(0), Y; E) <g> A top H 2 ' + (X + (0),Y; R). The structure of the 



fiber for doo and its compactification are discussed in Proposition |4^ and Proposition 4.4 . These 
propositions tell us that for each T a G A4 Y ,x + (t, 77), there is a Baire set of self-dual 2-forms with 
compact support such that the fiber of (if non-empty), denoted by Alx + (s+,r Q ), is an 
oriented, smooth manifold of dimension ix + (T a ) given by (p4[). It can be compactified to a 
smooth manifold with corners. In particular, for any d > 0, the components of dimension d in 
-Mx+(s+): denoted by M x+ (s + ), can be described as 

( |J Xx + (s+,r Q ) . (4) 

r c ,Eir+ 1 (a),i x+ (r a )=d 

ReTeM x Js + ,T a ) = d- 1 (T a ). 
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We then define a relative Seiberg-Witten invariant of X + . These relative Seiberg-Witten 
invariants take values in the homology groups H FfJ^ m ^, ^(Y, t) . We denote this invariant of 
X+ by SWx + (s+), which is a linear functional 

SW x+ (s + , •) : A(X + ) — HF™ m{iV] (Y,t), 

where A(X+) = Sym* (Hq(X+, Z)) ® A*(iii(A"i, Z) /Torsion) the free graded algebra generated 
by the class of elements in Hq(X+, Z) and Z) with degree 2 and 1 respectively. 

SWx + (s+, z) with deg(z) — d can be represented in terms of the Seiberg-Witten invariant 
for the moduli space .M^ + (s+) in (Q), that is, for each non-empty component Aix + (s+,T a ) 
with ix + (r Q ) = d, there is a topological invariant SWx + (s+, z,T a ) defined in subsection |4.2| , 
with 

SW X+ (s+, z) = SW * + ( 5 +> z ' r «) < r « > ■ 

aeA4y(i,ij) r„e7r^ 1 (o:) 

Section 4 also describes results on closed smooth 4-manifolds (X, s) with Spin c structure s 
and a smooth embedded separating 3-manifold Y such that there is an embedding [—2,2] x Y 
in X and t = s|y is a non-torsion Spin c structure on Y". Consider a 1-parameter family of 
metrics {c7.r}_r>o on X such that for each X(R) = {X, gn), there are an isometrically embedded 
submanifold ([— R— 2,R + 2] x Y, dt 2 + gy) and two 4-manifolds X±(R) obtained by setting 
X(R) = X+(R) U X-(R). As R — > oo, X(R) has a geometric limit, two 4-manifolds with 
cylindrical ends, denoted by A±(oo). Note that there are induced Spin c structures s± on 
X±(oo) from the Spin c structure s on X. 

Denote by i± the boundary embedding maps of Y in X±(0), and by Im(i±) the ranges of 
the maps H 1 (X±(0), Z) — > Z). Then we have the following commutative diagram relating 

various subgroups Im(i* + ) n Im(i*_), Im(i±) and Im(i* + ) + Im(i*_) of Ker(ci(t)) in H 1 (Y, Z): 

H\Y,Z) 



Im(i* + ) 

H\Y,Z) ^ H 1 (Y, Z) 



Im{i* + ) ("1 Im{i*_) Im{i* + ) + Im(i*_) 

^ H\Y,Z) * 



(5) 



Zm(i* ) 

which induces a commutative diagram of A(Y)-equivariant homomorphisms between various 
variants of the Seiberg-Witten-Floer homologies for (Y, t): 

/ \ 

ffi ?S 'ff ,»,„, ft .«(y,t) Hf^^ur r.#.t) (6) 
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With these notations understood, the relative invariants for (X±(oo),s±) are linear functionals 
SW X± (S±, •) : A(X ± ) — HF^ m{ll)] (±Y,±t). 

Fix an orientation on the line A. top H l (X,M) ® A top H 2 ' + (X, R) which is induced 
from tcnsoring the orientations on A* op i7 1 (X+(0), F; M) (g) A top H 2 ' + (X+(0), Y\ R) and 
A*°PiJ 1 (X_(0),r ; R) <g> A to P# 2 >+pf_(0),y;R). When 6+ = 1, we also need to hx an orien- 
tation on the line A* op iJ 2 '+(A", R). 

The Seiberg-Witten invariant for a closed manifold (X, s) is a linear functional 

SW x (s,-) : A(A) i > Z 

as defined in Q where A(X) = Sym*(H Q (X)) ® h*{H x {X)/ Torsion). Note that there is 
indeterminacy in the Spin c structures on X(R) obtained by gluing s± along (Y,t). The set of 
these Spin c structures, say Spin c (X, s±), can be represented by 

- { 5 +#M 5 -IM 6 Jm( g ( ^ (i ._) >- 

Here s+#[ u ]S_ is the resulting Spin c structure on X obtained by gluing s± using the gauge 
transformation u representing [it]. 

Now our main gluing formulae along (Y,i) with b\(Y) > and ci(t) ^ are contained in 
the following theorem. 

Theorem 1.2. Lei X be a closed ^-manifold with > 1 which can be split as X = X+Uy X-, 
where X+ and X- are ^-manifolds with boundary dX+ = —dX- = Y. Suppose that we 
have Spin c structures S+ and S_ on X + and A"_ respectively which restrict to i on the bound- 
ary. Assume that b\{Y) > and c\{i) is non-torsion then the Seiberg-Witten invariants for 
(X,S-\-#\ u ]S-) can be expressed as 

SW x {s+# [u] s^,z + z.) = {[u)(k + {SW x+ {s + ,z + ))),-k-{SW x _{s-,z-))), (7) 

where [u] acts on HF^J^ m ^, ^ Im ^* ^(Y,t), z± £ A(X±), ir± are the homomorphisms given in 
, and the pairing on the right hand side is the natural pairing on 

with the degrees in HF^ m ^ +Im ^, }] (-Y, -t) shifted by 

d x (s) = i( Cl (s) 2 - (2 X (X) + MX))) = deg( Zl ) + deg(z 2 ). 



6 



When b\ = 1, the Seiberg-Witten invariants SW X {s, ■) are defined with a fixed orientation on 
H 2 ' + (X, M.) such that Ci(s) • to + > for an oriented generator to + of H 2 ' + (X, R). In particular, 
there is a set S of Spin c structures s € Spin c (A, s±) with dx(s) = deg(z\) + deg(z 2 ) such that 

Y,SW x {s,z + z_) = (Tr(SW x+ (s + ,z + )),Tr(SW x _ («_,«_))>. 

.Here tt(SWx ± (s±, z±)) are elements in HF^ w (±Y,±t) under the homomorphism ^) and the 
pairing on the right hand side is the natural pairing on HF^ W (Y, t) x HF^ W {— Y, — t) — ► Z. 

This gluing theorem generalizes the gluing result of Morgan-Szabo-Taubes (Theorem 9.5 in 
p3]), has already found applications to the study of Seiberg-Witten-Floer homology as in pfij] . 
We like to thank Vicente Munoz for his help in providing examples to test our gluing formulae. 

We would like to acknowledge our gratitude to Matilde Marcolli, Tom Mrowka and Cliff 
Taubes for many useful correspondences. The authors also thank the Max-Planck-Institut fur 
Mathematik in Bonn for hospitality and support. This research was supported in part by the 
Australian Research Council. 

2 Seiberg-Witten monopoles on 3- manifolds: review 

Let Y be a closed, oriented 3-manifold equipped with a Riemannian metric g. To introduce the 
Seiberg-Witten equations on (Y,g), we need to choose a Spin c structure on Y. This is a lift of 
the 50(3)-frame bundle on Y to a Spin c (3)-bundle P. Note that Spin c (3) = U(2), the determi- 
nant homomorphism Spin c (3) — > U(l) determines a principal [/(l)-bundle, the corresponding 
complex line bundle is called the determinant line bundle of the Spin c structure P. 

The isomorphism classes of Spin c structures are classified by the first Chern class of the 
determinant line bundle. Given a Spin c structure P, there is an associated Spin c bundle 

W = Px u{2) C 2 

which is complex vector bundle whose sections form a module for the Clifford bundle on (Y, g). 
As a vector space the Clifford bundle can be identified with the exterior bundle on T*Y but 
with a different algebra structure: the Clifford relation 

v x v 2 + v 2 v 1 = -2g(v 1 ,v 2 ) 

holds for two sections v\ and v 2 of T*Y . To end this discussion, we give a more practical 
definition of a Spin c structure on (Y,g). 

Definition 2.1. A Spin c structure s on an oriented, closed 3-manifold (Y, g) is a pair 
(W, p) consisting of a U(2) bundle W and a Clifford multiplication homomorphism 
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p : T*{Y) — > satisfying the Clifford relation: p{v\)p{v2) + p{v2)p{v\) — —2g(vi,V2)- 

and satisfying p(e\) p(e2) p(e 3 ) = Idw ■ 

Locally, let {e^e^e 3 } be an oriented orthonormal co-frame for T*Y, then the Clifford 
multiplication can be written as follows 

3 



ail 
a 2 + ia 3 




The Clifford multiplication homomorphism p can be employed to define an R-bilinear form 
a : W <g> W -> T*Y ® zR, given by 

(8) 

= -7m((e l .V',^))e 4 € ^(F,*). 

Here ^ is a section of W and <, > is the Hermitian product on IV. It is easy to check that 
tr(-, •) satisfies the following properties. 

Lemma 2.2. Use . to denote Clifford multiplication, <, > is the Hermitian product on W and 
g is the Riemannian metric on Y , extended linearly to T*Y ®g C, Then 

1. trty,^ = ~\\^, and k(^»| 2 = \W ■ 

2. For any imaginary-valued 1-form a on Y , (oc.ip, ip) — 2g(a, a{ip, ip)) and 
a(a.ip, <p) + cr(ip, a.cft) = —(Re(ip, 4>))a. 

3. a(ip,(f>) — if and only if onY\ip 1 (0), <p = irip for a real-valued function r onY\ip 1 (0). 

4- If ip is a nowhere vanishing section of W, then W = Cip ® ip ± > where Cip is the trivial 
complex line bundle generated by ip and ip is the orthogonal complement of ip under the 
Hermitian product. Moreover, a(ip,-) defines a bundle isomorphism between M.ip ip 1 - and 
T*Y ® iR. This last claim implies that a Spin c structure on (Y, g) can be identified with 
Turaev's Euler structure Mm on (Y,g). 



Proof. Claims (a) and (b) follow from direct calculations. We only prove claim (d), as from 
(d), we know that the on Y^ -1 (0) : the kernel of the map o-(ip, •) consists of sections of {Rip, 
and this implies claim (c). 

For a nowhere vanishing section ip of W, we write ip = \ip\ri where n is a unit-length spinor. 
Choose a local basis {t\,T2} for the Spin c bundle, so that Clifford multiplication in the local 
orthonormal coframe {e 1 , e 2 , e 3 } for T*Y is given by 

P(ei) = 
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where {e 1 , e 2 , e 3 } can be expressed as 

e 1 = -2«(t(tx,Ti), e 2 = 2ia(r 1 ,iT 1 ),e 3 = -2ia(r 1 ,T 2 ). 

Any section of M.ip © '0~ L can be written as uri + vti for a real- valued function u and a complex- 
valued function v, then 

cr^, </>) = ^I^Kue 1 - Im(v)e 2 + Re(v)e 3 ). 

Hence, a(^, •) defines a bundle isomorphism between T*Y (g> iR and R?/> ^/j- 1 -. 

In p6[ , Turaev defined an Euler structure to be a homology class of a nowhere vanishing 
vector field on Y , where two vector fields are called homologous if they are homotopic away 
from a point. Identifying TY with T*Y using the Riemannian metric, for any Euler structure 
on (Y, <?), there is a unit-length section v of T*Y representing that Euler structure, which gives 
rise to the following decomposition T*Y = BLf © L. Then the Hodge star operator can endow 
L with a complex structure given by J = *(uA •). The corresponding Spin c structure is given 

(i o\ 

by W — C.v ffi L and Clifford multiplication by v is given by . □ 

v° -*) 

With the Levi-Civita connection V on the cotangent bundle T*Y, a [/(l)-connection A on 
the determinant bundle det(W) determines a connection V^i on W such that p is parallel, that 
is, for v and ip sections of T*Y and W respectively, Va satisfies 

V A (v.ip) = (Vv).tp + v.V A (ip)- 

Then is called a Spin c connection on W . Applying the Clifford multiplication, we can define 
a Dirac operator = po\7 A : T(W) -> T(W). 

Now we can introduce the Seiberg-Witten equations on (Y, g,s) for a pair (A,ijj) consisting 
of a U(l) connection A on the determinant line bundle of 5 and a spinor section ip of W: 
l§i| 

r ^ = o, (9) 

*F A = + T) 

where rj is a co-closed, imaginary-valued 1-form on Y. 

Denote by Ay(s) the Seiberg-Witten configuration space on (Y,s) consisting of pairs (A,ip) 
as above Then Ay(s) is an affine space modelled on fi 1 (A, iM) x T(H / ). For analytic reasons, 
we shall use the L 2 -integrable configuration space, denoted A L 2 , and we require^ to be L\- 
integrable, hence H^Hc i s bounded. 

The automorphism group of det(W) is the gauge group Qy = Q L 2 of L|-maps of Y to 
f/(l), locally modelled on the Lie algebra n° L2 (Y, iM). The gauge group Q L 2 acts on A^2 by 
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gauge transformations: (A,ip) i-^-> (A — 2u~ 1 du,mp), which leave the Seiberg-Witten equations 
invariant. It acts freely on {(^4, tp)\ij} ^ 0}, those elements are said to be irreducible while (A, tji) 
with ip — is said to be reducible. Denote by B = Ai?JGl\ the quotient of Ajj^ by gauge 
transformations. We use the notation A% for the open subset of irreducible configurations, and 
B* = A* L 2 1 Gl\ f° r the quotient space of A* L 2 by the gauge group Gl\ ■ Then B* is a Hausdorff 
space |L0]] j23j , in fact, B* is a smooth infinite dimensional Hilbert manifold. 

At (A, ip) e A L 2 , the tangent space can be identified with the Lf-completion of 
fi 1 (y, «R) ®T(W), we denote this completion by f2* 2 (Y, iM.) ® T L z (W). The infinitesimal action 
of Gl\ a ^ {A, ijj) defines a map 

G (A ^ : n° L 2 (Y, tSL) -► (Y, iR) © r i? (W) 

2 1 1 (10) 

G {A ^{f) = {-2df, fif>). 

Local slices exist for the action of Gl\ on Ajji. At [A,ip] 6 B*, the tangent space is given by 
the L^-completion of 

{(a, <j)) E ^(F^tJffll^lrf'a + sJm <ijj,<j)>= 0}. 

The L\ metric on Ti A ^B* is defined by the natural L^-norm on one forms and the L^-norm on 
sections of W using the connection V a ■ This metric is independent of the choice of representative 
(A,ip). At a reducible point [A,Q] <G B, there is a neighbourhood of [A, 0] £ B, which is 
homeomorphic to the quotient of the L^-completion of 

Kerd* © T(W) 

by the action of £7(1) on the T(M /r ) factor. Hence, the reducible point [A, 0] is a singular point 
in B with the link of singularity homotopy equivalent to CP 00 . 

Definition 2.3. The moduli space A / ly(s,?7) of the Seiberg-Witten monopoles on (Y,g,s) is the 
solution space of the Seiberg- Witten equations (^) modulo the gauge transformation group Gl\ ■ 
The moduli space Aly(s,7y) is the irreducible part of A^y(s,ry). 

There is an a priori pointwise estimate to the spinor part of any solution to the Seiberg- 
Witten equations @, which we now state as follows. 

Lemma 2.4. Every solution to the Seiberg-Witten equations ([£) is gauge equivalent to a C°° 
solution. Let (A, -0) be a smooth solution to the Seiberg- Witten equations fy), then 

\t/j\ 2 < maXy &Y {0, s(y) + 2||ry|| c o} 

where s(y) is the scalar curvature for (Y,g). 
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Proof. The first claim follows from standard elliptic regularity theory. The estimate on |?/>| 2 
follows from the Weitzenbock formula (Cf. [pl| p3j ) 



□ 



Let (A,ip) 6 A^j be a solution to the Seiberg-Witten equations (||), then there is a natural 
associated elliptic complex which incorporates the linearization of the gauge action (|l^) and the 
linearization of equations (^) as follows. The linearization of the Seiberg-Witten equations (0) 
at a solution (A, ip) defines the following map: 

l (A4 , } ■. n l (y,tR)®T(w)->n 1 (y,iBL)@T(W) 

(ii) 

L(A^){oi, <t>) = (*da - a(ip, (j>),^A<t> + \a.ijj). 

The infinitesimal action of Qy — Q L 2 and linearization of the Seiberg-Witten equations at a 
solution {A, ?p) define the deformation complex 

o°3(y,«) Gc A*' oi f (y,«)e t l1 (w) L( ^ ) Q} L *{Y,m)®T L2 {w). (12) 

It is convenient to put the deformation complex ( |l2| ) in the following form: 

n\ l (y, is) © r L? (w) © ti° L 2 (y, iM) — ►n^, (Y, «) © r i2 (w) © (y, u 

L(A,ip) G(A,i))) \ (1^) 



where ^ is the dual operator of G(A,ip) under the L -inner product: 

G (A^)( a ^) = -2(d*a + ilm(ip,(j)}). 



Note that T[a^) is a compact perturbation, courtesy of Lemma 2.4, of the sum of the signature 
operator and the twisted Dirac operator, 



*d -2d 
-2d* 



which has index 0. 



Definition 2.5. We say that [A,ip] in .My(s, 77) is non-degenerate if the middle cohomology of 
( f?l| ) is zero: 

KerL( A ,,/>)/ImG(A,^) = 0. 
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We summarize the main properties of the monopole moduli space My(s, 77), their proofs can 
be found m jlfij £7| H 

Proposition 2.6. Let (Y,g,s) be a closed, Riemannian 3-manifold with a Spin c structure s, 
then the Seiberg-Witten moduli space .My(s, rj) has the following properties. There exists a Baire 
set of co-closed 1-forms r\ € £ll 2 (Y, iR) such that all the points in My(s, rj) are non- degenerate. 
Moreover, if b\(Y) > 0, .My (5,77) consists of only finitely many irreducible points; if Y is a 
rational homology 3-sphere, assume that a generic 77 satisfies Ker^g — (where 6 is the unique 
reducible point in .My(s, 77), that is, *Fe = n) , then .My (5,77) = ■My(s,t]) — {9} consists of 
only finitely many irreducible points. 



Remark 2.7. Proposition 2.6 still holds for a Baire set of co-closed imaginary-valued 1-forms 
on a fixed non-empty open set U CY (if b\(Y) > and cx(det(s)) — 0, U is chosen such that 
the map: H 2 pt (U,R) — » H 2 (Y, Z) is non-trivial). This is established in 



3 Seiberg-Witten-Floer homology 

In this Section we will discuss the construction of the Seiberg-Witten-Floer homology groups. 
The main technical parts have been established in f2C|| . Here we give another account of an- 
alytical parts of the construction of Seiberg-Witten-Floer homology groups and introduce a 
different perturbation of the Chern-Simons-Dirac functional to achieve transversality for the 
moduli space of flowlines. 

3.1 The basics of the CSD functional: critical points, relative indices 

Let Y be a closed, oriented 3-manifold with a Riemannian metric g and a Spin c structure 
s = (W,p) on Y. Let A be the L2" conn g ura ti° n space for the Seiberg-Witten equations, the 
tangent space at any point is the space of L\ -sections: f2^2 (Y, iR) © L\(W). Let Q = Qy be the 
L\ gauge transformation group on Y . Its tangent space at the identity is £l° L2 (Y, iR) and Q acts 
on A with the quotient space denoted by B. For simplicity, we assume that ci(det(s)) =/= in 
H 2 (Y,R) if 6 x (y) > 0. 

Fix a G°° connection A on det(W), then there is a Chern-Simons-Dirac function on A as 
in g|: 

C n (A, ij;) = ~ J^(A - A ) A (F A + F Ao - *2ry) + j^, ^ A ^)dvol Y . (14) 

Here 77 is a co-closed, imaginary-valued 1-form on Y which is L^i^egrable and we can assume 
that *n represents a trivial cohomology class in H 1 (Y, iR). When 77 = 0, we denote C v by C. 
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For g £ Q, we have 

C v (g.(A,yj))-C v (A,^) = (ci(det(W0) A [ff])([y]). (15) 

Here [<?] is the cohomology class [g] = [ — 27rit;~ 1 (i<7] on Y which defines a homomorphism: 
^ — > i? 1 (Y, Z), the kernel of this map is the identity component of Q. Therefore, C v descends to 
a map B -> R/d(s)Z where d(s) is the divisibility of c x (s) = ci(det(W)) in # 2 (Y, Z)/Torsion: 

d(s) = g.c.d.{< Ci(s),a >: /or cr G -ff 2 (Y, Z)}. 

In the case of ci(de£(W)) = 0, we see from jl5| ) that C v descends to a map B — » M. If ci(de£(W)) 
is not a torsion element, we know that descends to a map £> — * S . 

With the L 2 -metric on sections of the spinor bundle W given by twice the real part of the 
L 2 -hermitian product, the gradient of C v at (A,ip) £ A is given by 

VC„(i4,tf) = (*fU-CT(V>,V)-»7,^), 

which is C/-equi variant. Hence, VC V defines a section of the L 2 -tangent bundle on B*. Note that 
the tangent space of B* at [A, ip] is the L 2 -completion of 

KerG\ AM = {(a,<j>) € n x (F, iR) ® T(W)\d*a + ilm(ip, <f>) =0}. 

The Hessian operator of C v at [A,ip] £ B* is given by 

Q[AM ■ KerG* [AM — ► KerG\ AM 

Q[A,ip] ■ K <j>) i-> {*da - 2a(ip, </>) - 2df, $ A cf> + ^a.tp + ftp) 

where / is the unique solution in Q° L 2 (Y, iR) of the equation 

(d*d+~\i,\ 2 )f = Um($ A ^,<l>). 

Notice that if [A, ip] is a critical point of C r)1 then / = by the maximum principle. The following 
Lemma describes the properties of the Hessian operator Q\am of C v at [A, ip] £ B* . 

Lemma 3.1. Q[AM defines a closed, unbounded, essentially self-adjoint, Fredholm operator on 
the L 2 -completion of KerGt A and its eigenvectors form an l? -complete orthonormal basis 
for KerG* A M.The domain of Q[a,i/>] is the L\-tangent space of B* . The eigenvalues form a 
discrete subset of the real line which has no accumulation points, and which is unbounded in 
both directions. Each eigenvalue has finite multiplicity. 

Proof. We follow the arguments in |30|. First Q\A,i>] defines a bounded, essentially self-adjoint, 
Fredholm operator on the L 2 -completion of KerG1 A , , to the L 2 -completion of KerG1 A , , . Then 
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the forgetful map from L\ to L 2 is compact and the resolvent of Qiam is compact so that Qi&M 
has no essential spectrum (accumulation points or isolated eigenvalue with infinite multiplicity) . 
Therefore Q\am has discrete spectrum without accumulation points and each eigenvalue has 
finite multiplicity. The remaining statements are standard in the elliptic theory on compact 
manifolds. □ 



Let [A, ip] be a critical point of C v on B, then [A, ijj] is a gauge equivalence class of a solution 
(A, -0) £ A to the Seiberg-Witten equations Q). Hence, the set of critical points of C v on B is 
AiY(s,rj). A critical point [A,ip] G A4 Y (s,i]) is called non-degenerate if its Hessian operator is 
non-degenerate. It is easy to see that a non-degenerate critical point is isolated in .My (5,77). 
A reducible critical point is of the form [A, 0] with *Fa = 77. For generic 77, *F A — t] admits 
solutions only when Y is a rational homology 3-sphere. We call a reducible critical point non- 



degenerate if it is isolated in M.y{5,T]). From Proposition 2.6, we obtain the following property 
of this critical point set. 

Lemma 3.2. For generic r\ 7 the critical points of C n on B are all non- degenerate. 

Proof. For an irreducible critical point c € A4y(s, rj), choose a C°° solution (A, i/j) to (^|) which 



represents c. The Hessian operator Q c has a (J-equi variant extension given by (13), namely 



L(A,ip) G{A,ili) 
G *{A,i>) 



By direct calculation, we obtain 

KerQ c = KerT (A ^) = KerL( A ^)/ImG( A ^)- 



Then Proposition 2.6 implies that KerQ c = for generic 77. 

If 6 = [A, 0] is a critical point of on B, which only happens when Y is a rational homology 3- 
sphere (*Fa — 77), then one can check that under the condition Ker(/>A — 0, KerL/Afi)/ '^ffiGu o) 
is zero for the deformation complex (|l^) at (A, 0), hence 9 is also non-degenerate. □ 

Henceforth Aiy{s, r]) denotes the set of critical points of C n which are assumed all non- 
degenerate. 

There are two fundamental lemmata concerning the gradient of the Chern-Simons-Dirac 
functional and the estimate of local distance near a critical point. The first of these shows that 
C v satisfies the Palais-Smalc condition which was proved for the unperturbed case (77 = 0) in 
fl25f |13| . The proof here follows the arguments from [E5| . 
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Lemma 3.3. For any e > 0, there is A > such that if [A,ip] G B has L\-distance at least e 
from all the critical points in M.y(s,T]), then 



\\VC v AIAM\l* > a. 

Proof. Suppose that, on the contrary, there is a sequence Cj in B* whose L^-distance from 
Cj to the set of critical points is at least e, for which ||VC r) (cj)||£2 — > as i — > oo. Choose a 
sequence of ipi) representing a, then there is a constant C such that 

(| * F Ai - afa, - r/| 2 + 2\$ A ^ Az \ 2 )alvol < C. 

Y 

Using the Weitzenbock formula and Lemma 2.2, we have 



\\F A Mh + \HMi) + v\\h - 2 < *Fa„v> +n^ A Mh + ^WMh < c, 

where s is the scalar curvature on (Y,g), Applying the inequality 2\ab\ < \\a\ 2 + 2\b\ 2 and the 
Cauchy-Schwartz inequality, we can rewrite the above expression as 

l\\F A A\h + lmh + nv A Mh 



r{ - s M } ^voW)\mh 



< C + 3\\n\\ L 2 + max yeY { ^~ tV " "H 1 JIIWIIl 4 

< C + 3|M|£ a + + max yeY {- l -^}Vol(Y). 

From this inequality, we see that H^aJIl 2 ; IIVMIl 4 an d || V^f/'H^ are all bounded independent 
of i. By standard elliptic regularity theory we know that there exists a subsequence of {Ai, ipi}, 
such that (Ai,ipi) converges in L 2 -topology to a limit (A 00 ,i/' oc ,) which is a solution to the 
Seiberg-Witten equations (Q) and hence represents a critical point in A4y (s, rj). This contradicts 
the fact that {[ylj,^]} has distance at least e from the critical points. □ 

Remark 3.4. Note that A is independent of r\ when rj is sufficiently small, hence from now on, 
we choose a sufficiently small eo << 1 and rj to have L 2 -norm less than cq\. 

The second lemma is the following L^-distancc estimate near the non-degenerate critical 
points of C v , which was also established in [ g5fl . 

Lemma 3.5. Suppose a is a non- degenerate critical point ofC n . There exists a positive constant 
C a and an e > 0, depending on a, such that if the L\-distance from [A, ip] to a is less than e, 
then the L\-distance from [A,ip] to a (denoted by dist L a([A,ip],a)) is bounded by 



C a \\VCr,, u (A,i>)\\ 



L ' 2 ■ 
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Proof. When dist L 2([A, ip], a) is sufficiently small, there are representatives (A, ?/>) and 
(A a ,ip a ) for [A,ip] and a respectively such that (A,ip) — (A a ,ip a ) + (6,0) with (6,0) G T a B* 
with L^-norm less than some e (to be determined). Then 

VC n (A,il>) = Q a (b,<f>)+N(b,<f>), 

where N(b,(f>) is a quadratic term in (b,(j>), satisfying || N(b, <I>)\\l 2 < Ce 1 1 (fo, 0)|| £ 2 where C is 
the universal constant for the Sobolev multiplication theorem. As Q a is non-degenerate, let Ai 
be the first absolute eigenvalue of Q a (Cf. Lemma [O]) . We then obtain 

Ai||(M)IU ; < \\Q a (b,4>)\\v 

< \\VC n (A^)\\ L 2 + \\N(b^)\\ L 2 

< \\VC v {A^)\\L* + Ce\\{b,4>)\\ Ll . 

Choose e < 5^, then 

IKMIU? < ^^||VC,(A,^)|| i2 < yJ\7C,(A,i,)\\ L2 . 

Set C a = A > W e get dist L a([A, ip],a) < C a ||VC^(A, ^)|| £ „. □ 
For any two irreducible critical points [Ao,V>o] and [Ai,?/>i], choose a path [At,ipt] on B* 



connecting [Ao^o] to [Ai,^]. Then by Lemma 3.1, Q[A t ,ip t ] defines a path of self-adjoint 
Fredholm operators, each of which has eigenvalues forming a discrete subset of the real line 
with no accumulation points. The spectral flow of Q[A t ,tp t ] along this path is defined to be the 
intersection number of the spectrum graph 

U s P ec Q[A t M 
te[o,i] 

with the line e = (Cf. 0). The spectral flow of the Hessian operator defines a locally constant 
function on the space of continuous paths in B* between [AojV'o] and [Ai,^>i] depending only 
on the homotopy class of the path between [Aq,^q] and [Ai,^]. By the Atiyah-Patodi-Singer 
index theorem, its mod (d(s)) reduction doesn't depend on the homotopy class of the path, 
where d(s) is the divisibility of the first Chern class C\{det{W)) in _ff 2 (F, Z) /Torsion. 

We know that Qiam has a C/-equi variant extension Tia,^) referred to as the extended Hessian 
operator at a smooth solution (A, if)) to the Seiberg-Witten equations (||) on A representing 
[A, ip]. Let (Ao,ijjQ) and (Ai,?/>i) represent two irreducible critical points [Ag,^] and [Ai,^] in 
My(s,t]) respectively. By its construction, the kernel of 7^. ^.j is trivial, and so the spectral 
flow of T(am from (Ao, ipo) to (Ai,^i) is a well defined Z-valued function and 

SF [Ao$o]Q = SF [til]nmod d(s)). (16) 
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For a homology 3-sphere Y, we need to choose the perturbation r/ so that the unique reducible 
critical point 9 is isolated, that is, [g, rf) is away from the codimension one set (Cf. |2f|) where 
the corresponding Dirac operator has non-trivial kernel. Then we can replace [AojV'o] by 9 in 
Now T has one dimensional kernel at 9, therefore the spectral flow of T from 9 to an 
irreducible critical point is defined to be the intersection number of the eigenvalues with the line 
A = — e where e is any sufficiently small positive number (see [jlj). 

Therefore, using the spectral flow of the Hessian operator, we can define a relative index 
map on the critical point set My(s, rj). 

Definition 3.6. Using the spectral flow of the Hessian operator of the Chern-Simons-Dirac 
functional, there is a relative index map on the critical point set My(s, rj): 

i: M Y (s,n) x M Y (s,ri) — > Z d(s) (17) 

which is the spectral flow (mod d(s) ) of the extended Hessian operator along any path connecting 
two smooth solutions to representing two critical points in B. When ci(s) is a torsion class 
( as occurs for example when Y is a homology 3-sphere ) then i is an integer-valued function. 



3.2 Estimates on gradient flowlines 

The downward gradient flow equation for C n on A is by definition given by the paths of pairs 
(A(t), 4>(t)) that satisfy the equations 

— "7~ = - * F A( t) + (Tty, V>) + V, 

—jj- = -?A{t)i>{t)- 

Using the projection tt : Y x K -> Y, we identify fl 2 '+(Y x R, iR) ^ ^(^(Y, iR)) by sending 
p(t) to |(*p(t) + p(t)Adt), and identify ^{Y x K, iR) = tt* (n° (Y, iR) ® il 1 (Y, iR)) by sending 
(f(t),p(t)) to p(t) + f(t)dt. Using Clifford multiplication by dt, we can identify the positive and 
negative spinor bundles both as n*(W) via p^, such that for any 1-form a S f2 1 (F, «]R) and 
ip £ W, we have p + (a.ijj) = a.dt.p + (ip) — a.p~(tp). 

Let ip(t) be a section of ir*(W) and A(t) be a family of connections on det(W). Then we can 
view A(t) as a connection on det(TT*W), and the twisted Dirac operator Ip a for (Y x R, ir*(W)) 
can be expressed as dt + <j>A(t) i n the sense of 



')A{p + i>) = p-({dt + H(t))m 



Then, as discovered by Kronheimer-Mrowka | ^5[ , the downward gradient flow equations 
([lg| ) are the following Seiberg-Witten equations on (Y x R,ir*{W)) in temporal gauge (the dt 
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where is the self-dual part of the curvature Fa, rj + — h(*3rj + rj A dt), and q(ip,ip) is the 
self-dual 2-form given by 



q(i/j, V>) = (dt A aty, V>)) + = -((ft A a(ip, t/>) + * 3 a(i/>, 



Two solutions to the equations ( [19|) are gauge equivalent if the paths in A they determine in 
temporal gauge are gauge equivalent under the gauge group Qy = Map(Y, £/(!)). 



where Fa is the curvature of A(t) on a i-slice of [tijta] x Y, * is the Hodge star operator on 
(Y, g) , Va is the covariant derivative on W over the f-slice of [ti ,ts] x F and all the norms are 
on the t-slice. 

Note that A(t) can be viewed as a connection on the determinant line bundle of the pull-back 
Spin c structure on [ti,t2] x Y. We will write A = A(t) for this connection on the determinant 
line bundle over [t±, t^\ x Y to distinguish it from A(t) viewed as a connection on the determinant 
line bundle over the i-slice of [ti,ta] x Y. Similarly, denote the corresponding section of the 
pull-back Spin c bundle over [t%, t 2 ] x Y by * = tp(t). If (A(t), tp(t)) is a solution to the gradient 
flow equation (|l8|), then (A, ^) is a solution to the 4-dimensional Seiberg-Witten equations ( [l9| ) 
on [tijtg] x Y. With this notation understood, the last integration in ( |20| ) has a 4-dimensional 
analogue, called the energy of the 4-dimensional monopole. We denote it by £ , [ tl t2 ] x y(A, 
and define it as follows. 



For any solution S(t) = (A(t), 01 the downward gradient flow equations ([l8]), we have, 
for any t\ <t<i, 




(20) 



%,( 2 ]xy(A,*) 




(21) 
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Since 



and 



I^aI 2 = \f a \ 2 + l^l 2 , |v A *| 2 = iv^l 2 + l^l 2 



2\q(y,y) + r,+ \ 2 = \a(4>,TP)+ V \ 2 , 

we know that 

% llt2 ]xr(A, *) = 2{C n (S(h)) - C n (S(t 2 ))) . (22) 

Hence we will say that any gradient flow line S(t) = (A(t),ip(t)) (t e on A has a finite 

variation of if S(t) satisfies 

C(5(ii)) -C v (S(t 2 )) = J\\\^\\1 2(Y) + 2 \\^f L2iY) )dt < oo. 

That is, the corresponding 4-dimensional monopole (A, '&) has finite energy over [tj.,t2] x Y, or 
equivalently 



l|VC,(5(t))||i a(y) (ft = (W^\\h(Y) + \\^f\\h(Y))dt < oo. (23) 

Lemma 3.7. Suppose (A, 1 J r ) to 6e a solution to the Seiberg-Witten equations ( |7^ ) on 
[t-2,i + 2]xF urai/i finite energy 

£[ ( -2,t+2]xy(A,*) < S . 

For any positive integer k, there exists a constant C depending on the metric on Y and the 
perturbation term r\ such that all the C k -norms of and ^ on [t — |, t + |] X Y are bounded 
byC{VE~ a + \). 

Proof. Let N s = [t — s, t + s] x Y. From E^ 2 (A, <!') < E , we immediately have 

||F A ||i 2(Ar2) <^ + C , 

<4£ + C , 

||V A vI/||2 2(JV2) <^ + Co, 

for some constant Co depending on the metric on Y and r/. The standard bootstrapping ar- 
gument in elliptic regularity theory (Cf. p3| ) implies that the C fe -norms of Fa and on 
[t — §,t + |] x Y arc bounded by C{^/~Eq + 1) for some constant Co depending on the metric on 



2 ' 2> 

Y and rj. □ 
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Lemma 3.8. Given a sufficiently small e > 0, there exists a constant Eq > such that, for a 
solution (A(t), ip(t)) to the Seiberg-Witten equations ( fj^ ) on [T— 2, T+2] xY in temporal gauge, 
with finite energy E^t-2.t+2]xY (A(t) , tjj(t)) < Eq, there exists a critical point a in A4y(s, rf) with 
L\-distance from [A(t), ip(t)] £ B to a less than e for any t € [T — 1, T + 1]. 

Proof. The critical points of A"f>-(s,?7) are non-degenerate and hence isolated. Given 
an e sufficiently less than min{dist L 2(a, (3) : a, (3 £ VWy(s, 77)}, let A be the constant in 



Lemma 3.3 such that if [A,ip] has L^-distance at least e to any critical point in A4y(s, rf), 
then || VC I) ([A, i/)])|| £ 2(y) > A. Now we only need to show that for any t S [T — 1,T + 1], 
\\VC v ([A(t),m])\\L* { Y) < A. 

Let 7V S = [T - s, T + s] x y and (i, V>) = ( d ^\ Differentiat i n g the Seiberg-Witten 

equations ( [l9| ) and noting that i ~ ) — ~VC v (A,ip) is L 2 -orthogonal to the gauge 

orbit at each point, we obtain the following elliptic system of equations on [T — 2. T + 2] x Y, 

P + {dA)-2q{i,^)=Q 

d*A + Hm<tp,^>=0 (24) 
^ Ip A ^+\A.^ = Q. 

We deduce from this system of equations and the estimates on ip in Lemma |3.7| that 

\\(An\Li(N 3) < GodKi^Jllij^.j + lKP+fdA),^,^)!!^^) 

< C (|| (1,^)11^^3) + ||(g(^,^),t/m < fai/i >,ii.^)|U !(JV2) ) 

< Ci(v^+||Vllco||(^^)IU?(Ar a )) 

< Ci( % /£b + C 2 (V^+l)V^) 



Here the C,'s are constants depending on the metric on Y and r\, and V^o bounds the energy 
of (A(t), ip(t)). Therefore, from the standard elliptic regularity theory of Degiorgi-Nash-Moser 
(H Page 169-179), we get that for any t £ [T ~ 1, T + 1], 

||VC„([A(t), V(*)])llL» ( y) = ||(A,^)IU»{{t}xy) < C4||(i,^)|U ?(Ars) < C 5 y/E~ . 

2 

Now we can choose our solution (A(t),ijj(t)) so that its energy is bounded by Eq with C^^/Eq < e, 
then the claim in the lemma follows. □ 

We remark that standard elliptic regularity theory implies that [A(t),ip(t)] has, for all k, 
C fc -distance e or less to a critical point in .My (5,77) for any t £ [T — 1,T+ !]■ The claims in 
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Lemma 3.S still hold for a solution to the Seiberg-Witten equations on any compact set times 
Y with sufficiently small energy. 

Now we can establish the crucial lemma concerning the exponential decay estimate on a 
flowlinc with small energy. 

Proposition 3.9. There is a constant 5 > 0, such that a choice of sufficiently small e de- 
termines Eq > with the following property: suppose that (A(t),ip(t)) is a solution to the 
Seiberg-Witten equations on [R\ — 2,i?2 + 2] x Y (R\ < Ri) in temporal gauge with energy 

E [Rl -2,R 2 +2]xY(A(t)^(t)) < Eq, 

then there exists a critical point a <E .My(s, rj) such that the L\-distance from [A(t),ip(t)] (for 
any t € [Ri, R2}) to a is at most 4e(e~' 5( -*~" Rl - ) +e _(5 ^ 2_t '). Furthermore, there exists a sequence 
of constants {Xk}k=o,i,2,— such that there is a point (A a ,ip a ) representing a for which 

\V k (A(t) - A a )\ + \(V A J k m) -if> a )\< X k (e~ 5 ^ R ^ + e~ 5 ^^), (25) 

for any point (t,y) £ [RijRq] X Y. 



Proof. We can choose e > and Eq > as in Lemma 3.8, so that dist L 2([A(t),tp(t)], a) < e 
for some critical point a € Aiy(s, if) and any t E [R% — 1, R2 + 1]. Then, on — 1, R2 + 1] x Y, 
we can write 

(A(t),m) = {A a ,^p a ) + {b,cp) 

for some representative (A a ,ip a ) of a, and (b,<p) has C^^-norm less than e and satisfies 
d*b + ilm < ip a ,<f> >= 0. As (A(t),ip(t)) is a solution to the Seiberg-Witten equations on 
[R% — 1, Jia + 1] x Y, the pair (6, (f>) must satisfy 

d t (b, 4>) + Q a (b, (b)+N(b,(b)=0, (26) 

where Q a (b, </>) = (*db — 2a(ip a ,(/}),^A a 4' + \b.ip a ) and N(b, 4>) — (—<r((j), 4>), \b.<\>). 

Note that Q a is the Hessian operator of C v at a, whose L? spectrum is discrete, real and 



without accumulation points (Cf. Lemma 3.1). The non-degeneracy of a implies that is not 
in the spectrum of Q a . Let /i Q be the distance between and the spectrum of Q a . On the 
t-slice of [Rx - l,i? 2 + l] x Y, 

ll^ V ( & ; ( / , )llL2({T}xy) < e\\Q>,<t>)\\Ll({T}>tY)- 

Let X± be the components of (b, cj>) in the positive and negative spectral subspaces of Q a 
respectively. Let ||A±|| be the functions on [Rx — 1, R 2 + 1] given by taking the L 2 (y)-norm on 
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the t-slice of [Ri — 1, Ri + 1] xY. Then the differential equation (26) gives rise to the following 
two differential inequalities 

a t ||A + ||-( A t Q -e)||A + ||+cA_|| >0; 
ft||A_|| + (A*a-e)||A-||-eA+|| < 0. 

When e << (i a , the comparison principle (Cf. Lemma 9.4 in p^|) can be invoked to establish 
exponential decay with decay rate 5 < A '° 2 ~ £ , that is, for any t E — 1, R2 + 1], the L 2 -norm 
of (b,cf)) on the t-slice of [R x - 1, R 2 + 1] X Y is bounded by 4e(e~' 5 (*-- Rl ) + e^^ 2 "*)). The 
standard bootstrapping argument of elliptic regularity theory implies that the L^-distance from 
[A{t),ip{t)] for any t e to the critical point a is bounded by e(e _l5(t_ - Rl) + e - *^ - *)), 

which is the claim (p2q). □ 



Corollary 3.10. Let (A(t),ip(t)) be a solution to the Seiberg-Witten equations j\l!Jl ) in temporal 
gauge with finite energy onM.xY, then there exist two 3- dimensional monopoles (A a ,?p a ) and 
(Apjifip) representing two critical points a and /3 in .A/fy(s, 77), such that 

1. A — A a and ip — ipa decay exponentially along with their first derivatives as t — > —00, 

2. A — Ap and ip — decay exponentially along with their first derivatives as t — > 00. 

Proof. To establish claim (a), we apply Lemma [T| to (A(t),ip(t)) as a solution to the Seiberg- 
Witten equations ( p9| ) in temporal gauge on (—00, —R] x Y with energy arbitrarily small for 
sufficiently large R. This gives the estimate ( p5[ ) for (A a ,tp a ) representing a critical point a at 
any point (t, y) E (—00, —R] x Y where, in ( p5|) we take Ri to infinity and R2 = —R. Claim (b) 
can be proved in the same way. □ 

From this corollary, we know that if (A(t), ip(t)) is a solution to the Seiberg-Witten equations 
in temporal gauge with finite energy onRxf, then there exists a sufficiently large T, such 
that for t E (— 00,— T] or t E [T, 00), the gauge equivalent class of [A(t),ip(t)] lies in a small 
e-neighborhood of some critical point a or (3 respectively, and approaches the critical point 
exponentially fast. 

3.3 Moduli spaces of flowlines: transversality, compact ificat ion and 
orientibility. 

Let a,P be two critical points in A4y(s,1]). Denote by Ai(a,/3) the moduli space of solutions 
to the gradient flow equations ( p"g| ) with the asymptotic limits a, (3 as t — > — 00, +00. Note that 
there is an R-action on M.(a, f3) given by translation in the t variable, R acts freely on A4(a, (3) 
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when a and (3 are two different critical points. Denote by M(a, (3) the quotient by this R-action 
on M(a, (3). 

Let (A(i), ip(t)) represent a flowline in M(a,f3), then any flowline in the same component 
as [A(t),%/;(t)] has constant energy, given by 

C v (A(-oo), ^(-oo)) - C,(A(oc), ^(oc)), 

where (A(— oo), ip(— oo)) and (A(oo), "0(oo)) are two asymptotic limits of (A(t), 4>{t)) as i — > ±oo, 
whose existence follows from Corollary 3.10| . There is a constant <5 > depending on the critical 



points, a constant C depending only on the local geometry of Y and perturbation r\ such that 
for sufficiently large T 

]T (\V k (A(t) - A ±oa )\ + \(V A± J k m) - V(±oc)|) < Ce- 5 (l*l- T ) 

0<fe<2 

for £ e (— oo, T] and t £ [T, oo) respectively. 

In this subsection, we will prove that gcncrically each component of the moduli space M(a, (3) 
is a smooth manifold with dimension prescribed by the index theorem. We remind the reader 
that we always identify a path (A(t),ip(t)) in A with a pair consisting of a [/(l)-connection on 
the determinant bundle of the pull-back Spin c structure and a spinor on ir*(W) in temporal 
gauge. 

To achieve transversality for the moduli space A4(a, (3), we need to perturb the gradient flow 
equations in a non-local fashion: 



a a 

di 



* 



F A + <r(ip, ip) + i](A, ip) 



(27) 



where rj(A, ip), v{A, ip) and <p(A, ip) are functions of (A, ip). This general perturbation is chosen 
so as to preserve translation invariance of the gradient flow equation under the action of M. 

We now describe in detail how to construct such perturbations. For any Riemannian 
3-manifold (Y,g) with a Spin c structure s, we choose a complete L 2 -basis f° r the 

imaginary-valued 1-forms on Y, and a complete L 2 -basis {^jl^Li for the co-closed imaginary- 
valued 1-forms on Y. Under the Hodge decomposition, 

Ql 3 (Y,iR) = H 1 (Y, tSL) Im(d*) Im{d), 

{^j}fLi s P an tne s P ace H l (Y,iR) Im(d*) and {vj}f=i s P an the space Q^ 2 (Y,iM.). We also 
need to choose a complete L 2 -basis {V^'I^Li for the sections of the spinor bundle W . They are 
eigenvectors of the fixed Dirac operator c/)a for a a fixed [/(l)-connection Aq on the determinant 
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bundle det(s). For each co-closed 1-form fij, we associate a function on the configuration space 
A by 

Tj(A, V>) = tj(A - A ) = J^(A - A ) A *nj. 

For simplicity, we assume that {fij}^ =1 consist of a basis of H 1 ^, iR), and [*fj,j] = for j > b\. 
It is easy to sec that: 

(1) Tj is invariant under gauge transformations for j > b\; 

(2) for the map obtained from the first b\ functions 

(r 1; --- ,r bl ) :A^R b \ 

the gauge transformation g : Y — ► on .4 commutes with the Z) = Z hl -action on R fcl 

by translation by the vector 

< {[g-Hg] U [g^dg] U [*m 2 ], ■ ■ ■ , [ff- 1 ^] U [*/i 6l ]), [F] > . 

To each imaginary-valued 1-form tA,- we associate a function (j on „4 as follows 

(j(A,ip) = 0(^,-0) = J (vj.ip,ip)dvol Y , 

where (, ) is the Hermitian metric on the space of spinors. It is easy to see that Q is gauge 
invariant and real-valued. We also define Q(ip,<j)) — 2 f Y Re(iSj .ip, fydvoly . 
To each ipj, we associate a function £j on A as follows 

where G is the Green's operator for the ordinary Laplacian on L 2 (Y). Let ip A = e~^ Gd i A ~ A °)^i . 
Then £j is invariant under the action of the subgroup 

H = {e if \f :Y->R,J fdvoly = 0} 

of the identity component of the gauge group Qy where Qy j H = S 1 x H 1 (Y, Z). The action of 
the ^-factor has weight —1, that is, for utS 1 , 

^(u(A^))=u- 1 ^(A^). 

For any n > h(Y),k > and I > 0, (r,C,0 = (n, ■ ■■ ,t„,Ci, • • • , Cfc, ^l, ■ ■■ ,6) defines a 
map — > M™ x R k x C' with the following key property. 

Lemma 3.11. For any two points (Ai,ipi) and (A2, 1P2) in A representing two different points 
in B, there exist n, k and I such that 

(T,C,0(Al^l)^(T,C,0(A2^2). 
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Proof. On the contrary, suppose that for any n, k and I, (n, • • • , r„, £1, • • • , Os>£ij " " i 6) 
takes the same values on (Ai,ijji) and (^jV^)- Then from the definition of Tj, we know that 
A\ = A2 — idf for some real- valued function / on Y, and from the definition of £j, we know that 

which implies that = ei^ip. Hence (A±,ipi) and (A2, ^2) are gauge equivalent. This contra- 
dicts the assumption of the lemma. □ 

As a corollary we have injectivity of the induced map 

(t,C,0 ■■B->{J(R n x R k x C'J/^O^Z) x S 1 )*, 

which implies that there are sufficiently many perturbations to achieve the transversality of the 



moduli spaces of flowlines. This will be crucial in the proof of Proposition 3.16. 

Now we choose any function p e C°°(R n x R k x C l ,R) (for n > h, k, I > 0) where p is 
invariant under the action of H 1 (Y, Z) on R bl (the first 61-components of R N ), and invariant 
under the action of S 1 x H 1 (Y,'Z) on C l . We can define a function on A/Q by composition: 

p(nr • • ,t„,Ci,- • • )Cfe)£i) - ■ • >&)• 

Let be the Chern-Simons-Dirac function as in (pr|). We can perturb this functional to form 

C rh p =C v +P(ti,-" ,T n ,Cl, • >Cfc>£ll " ' >£/)■ 

Let P be the subspace of [j n>bl j. l>0 ^(R" x K* x C ! ,f) which is invariant under the 
above action of H 1 (Y, Z) x S 1 x iJ x (y, Z) and has finite Floer e norm. To be specific, choose 
e = (efc)fceN to be a given sequence of positive real numbers, then the Floer e-norm (cf. ||): is 
given by 

\\p\\e = ^2e k sup\V k p\. 

fc>0 

By arguments similar to those in Lemma 5.1 of the sequence e can be chosen such that V is 
a Banach space and V is dense in the subspace of L 2 ,, whose elements are invariant under the 
above action of H^Y, Z) x S 1 x H X (Y, Z). 

For each p & V, the gradient of C V:P at [A, ^1] with respect to the natural L 2 inner product 
is given by 

- a(xl>, 1>)-v~ E;=i %H + E5=i fj d G(»Jm < V >), 

N (28) 
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Here Vp = (- £» =1 + £< =1 §h doG{ * lIm < ^ >)'^i + Ej=i f^/)- 

In order not to change the critical points of C n when perturbed by p, we need to impose 
some condition on p G V . We remind the reader that, as in Lemma [T^, given a small e > 0, 
there is a constant A, such that 

\\VC n (lA,i>})\\L* = \\(*F a -<t(iI>,iI>)-tiMiI>))\\l»>>> 

for [A, ip] at L^-distance at least e away from the set of critical points. For each critical point 
a e A4y(s, if), let B(a, e) be ball of radius e centered at a in the topology. 

Condition 3.12. We require that the perturbation function p d V satisfies the following condi- 
tions: 

1. p = on {J a eM Y (s,r,)( T ,(> T )( B ( a ^)) ■ 

2. The corresponding perturbation term Vp has L 2 -norm less than for a sufficiently small 
eo << 1. 

Let V c be the set of perturbation functions p £ V satisfying (a) and (b). 
The corresponding downward gradient flow equation of C p is given by 

^ = — * Fa + vty, + Ef=i |jrMi - E |f d ° G(ilm < tf, >) 

, ^ J=1 ' (29) 

ot VAy acj ■ ~{ d ^ 

for a pair (-A(t), $(t)) regarded as a family of connections and spinors. These are the perturbed 
4-dimensional Seiberg-Witten equations on Y x R in temporal gauge. The corresponding per- 
turbation of the Seiberg-Witten equations on Y x K is given by 



i 



(30) 



where ^ = |(*3/Uj + A di) and (d o G(ilm < ipj,ip >)) + is the self-dual part of 
doG(iIm < ipj, -0 >)Adt, and the function p is the corresponding function on the 4-dimensional 
configuration space of [/(l)-connections and spinors on (K x Ydt 2 + g) with the pull back Spin c 
structure. Note that p is invariant under gauge transformations. It is easy to see that p is a 
well-defined function over the 4-dimensional configuration space. For any solution (A(t), ip(t)) 
to the perturbed Seiberg-Witten equations ((30|) on [Ri, R 2 ] x Y in temporal gauge, we say that 
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(A(t),ip(t)) has finite energy if and only if 



(H-^ i llV) + l|-^ i lli»(r))*<«>. 



Lemma 3.13. Let j(t) — (A(t),ip(t)) be a solution to the perturbed Seiberg-Witten equations 
l $3(\ ) on [Ri, R 2 ] x Y in temporal gauge, then (A(t), tp(t)) has finite energy if and only if one of 
the following terms is finite: 

1. C v (A(R 1 ),ip(R 1 )) — C ri (A(R 2 ),tp(R 2 )), 

2. C n , p (A(R 1 ),ip(R 1 ))-C VtP {A(R 2 )^(R 2 )), 

3. C{A{R l )^{R 1 ))-C{A[R 2 )^{R 2 )), 

4- £'[fli,fl 2 ]xy(4 1 I') ( as defined in ff§4)j, where (A, \I f ) = (A(t),t(}(t)) is the corresponding 
4-dimensional monopole on [Ri,R 2 ] x Y. 



Proof. Note that j(t) = (A(t),ip(t)) satisfies the perturbed Seiberg-Witten equations (pi) on 



[i?i,i?2] x y in temporal gauge, that is. 



and 



dj(t) 
at 



= — VC 7)jP (7(t)), hence we have 



C V (A(R 1 ), ^(Rx)) - C n (A(R 2 ), i>(R 2 )) 

R2 d'y(t) 
< VC,( 7 (t)), ~g 1 >dt 

< VC n (7(i)),VC niP ( 7 (t)) > dt 

(||VC,( 7 (t))||£ a + < VC J7 ( 7 (i)),Vp(7(t)) >)dt. 

C^iAiR^,^)) - C rhP (A(R 2 ), ^(R 2 )) 



R 2 



Ri 



Ri 



dt 



R2 < vC„. p (7(t)),^ > -// 

R2 



Ri 



|vc,, p ( 7 (t))iii a «ft. 



From Condition |3.12| , we get 

||VC,( 7 (i)) - VC n>p ( 7 (i))|| i2 < e ||C,( 7 (t))|U a . 



Putting all these together and setting e = eo/5, we have 

C^AiRx), VORi)) - C n (A(R 2 ), i>{R 2 ) 



1 - e < 



Cr,#{A{Rx),${Rx)) - C lhV {A{R 2 ), ^(R 2 )) 



< 1 + e. 



(31) 



(32) 
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Similarly, under the condition that rj is sufficiently small as in Remark 3.4, we can prove that 

€< C{A{R 1 )^{R 1 ))-C{A{R 2 )^{R i )) ' 

These last two inequalities imply that j(t) has finite energy if and only if any one of 
C^Ei))-^^)),^^),^^ finite. 
For the proof of part (4), direct calculation leads to the following identities: 

C r) (A(R 1 ), V>(fli)) - C V {A{R 2 )^{R 2 )) 

= \ I (Fa- *v) A (-Fa - *v) (33) 

1 J[R u R 2 ]xY 

+ < tp, $Atp > dvoly < $Atp > dvoly. 

i{iii}xY J{R 2 }xY 



and 



C{A{R l )^{R l ))-C{A{R 2 )^{R 2 )) 
1 , 

F A A ,F a (34) 

fiiA]x7 



+ / < 1p, $Atp > dvoly <">P: $Atp > dvoly . 

i{«i)xy J{R 2 }xY 

To prove the last claim, we write the perturbed Seiberg-Witten equations ([50|) as follows 

F+ = q(*,*) + »+ + p+ 
#a(*)+P* = 0. 

where q^, V I / ) = (dt A a(ip,ijj)) + and (p^,p^) is the perturbation term coming from the pertur 



(35) 



bation p (see ( pSC] ) for exact expression), notice that, by Condition 3.12, the L 2 -norm of (p^,p^,) 
is less than eollVC,,!)^ for a sufficiently small eo << 1- 
Now we calculate 

/ (|^a(*)| 2 + \F+ - q(V,*) - n+\ 2 )dtdvol Y . 

J[fli,R2]xF 

using the 3- and 4-dimensional Weitzenbock formulae 
The 4-dimensional Weitzenbock formula is 

«aW = v A v A vi/ + 1* + 1/ ;. .>i<. 

where s denotes the scalar curvature on (M x Y, gy + dt 2 ). Take the inner product of both sides 
with \t = an d then integrate them over [Ri,R 2 ] x Y. Here we need to understand the 

boundary contribution when we integrate by parts. To see what this contribution is, we proceed 
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as follows 

\FpA^\ 2 dtdvol Y 



[Ri,R 2 ]xY 
[Ri,R 2 ]xY 



(\^+$Ai>\ 2 )dtdvoly 



(l^l 2 + IM 2 + < d -^M > + < 

(l^l 2 + \^\ 2 + |(< <I>M »~\< d -^.^>)dtdvol Y . 

[r u r 2 ]xy ct at i at 

Now apply the 3-dimensional Weitzenbock formula, 
dA(t) 

and note that Ft .if! — ( — h * 3 F A ).ip, where *3 is the Hodge star operator on Y. Using the 

at 

various expressions above, we obtain that 

\Jp K (H>)\ 2 dtdvol Y 

I (|VA*| 2 + 7l*| 2 -i <F+.y,y>)dtdvol Y (36) 

J\R,,Ro]xY 4 2 



[R 1 ,R 2 ]xY 



We also have 



+ / <i>, > dvoly — <1p, $ATp > dvoly- 

'{R 2 }xY J{R l }xY 



/ 2|F+ -q(ty,f)-Ji + \ 2 dtdvol Y 

I ((\F A \ 2 + \a(^j,^)+ V \ 2 + < F+.if^ >)dtdvol Y (37) 

J[Ki,K 2 ]xy 

— (Fa ~ *3V) A (F & - * 3 7]) + 2dt A Fa A i). 



Using the perturbed Seiberg-Witten equations ( |35| ) and the identity (|33j), we have 

2{\(p+,p^,)\ 2 )dtdvol Y 



J 

J[Ri, 



R 2 ]xY 

(2\Jp A (V)\ 2 + 2\F+ - q(V, *) - V +\ 2 )dtdvol Y 

[R.!M 2 ]xY 

(\F A \ 2 + 2\q(% *) + ry+| 2 + 2|V A *| 2 + ^\ 2 )dtdvol Y 

[t u t 2 ]xY 1 



(2(F A KdtKT))- (F A - * 3 ??) A (F A ~ 

l[t u t 2 ]xY 

+2( / < Vi > dwo^y / < tp, (jH A *l> > dvol Y ) 

J{R 2 }xY JlR^xY 

E lRuR2]xY (A,*) + 2(C v (A(R 2 ),^(R 2 ))-C v (A(R 1 ),ij(R 1 ))). 



Thus, we have the following inequalities (e = eo/5) 



%,Jij]xy(4*) 

2 < c,(^(i?i), v(fli)) - c,^^), v(fl 2 )) < 2 + e ' 
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which implies that C V (A(R 1 ), ip(Ri)) — C V (A(R 2 ), ^(#2)) is finite if and only if E[ Rl ^ xY (A, 
is finite. The completes the proof of the Lemma. □ 

The following lemma states the basic properties of the perturbed CSD functional C n . p . The 
proof follows the same arguments as are used for the corresponding properties of the CSD 



functional C n and of the perturbation terms satisfying Condition 3.12 for p € V c - 

Lemma 3.14. For any p € T c , the perturbed Chern- Simons- Dirac functional C nj p on B has the 
following properties: 

1. The critical point set of C rhP agrees with the critical point set of C n , and all points are 
non- degenerate. 

2. The Hessian operator of C^. p on B is a compact perturbation of the Hessian operator of 



C v , hence has the same properties as the Hessian operator of C v in Lemma 3.1. 

3. Let (A(t),ip(t)) be a solution to the perturbed Seiberg-Witten equations ( p^ j on M x Y 
in temporal gauge with finite energy, then there exists a sufficiently large T such that 
on (— oo, —T] x Y and [T, oo) x Y the perturbation term from p is zero, in other words, 
p(r, ^,^)(A(t),ip(t)) has compact support in [— T, T]. Hence, (A(t),ip(t)) is a solution to 
the gradient flow equation ( [7^ j of C n outside the compact set [— T, T] x Y. 

4- There is a constant 6 > 0, such that a choice of sufficiently small e determines Eq > 
with the following property: suppose that (A(t),if>(t)) is a solution to the perturbed Seiberg- 



Witten equations (3C) on [Ri — 2, i? 2 + 2] x Y in temporal gauge with energy 

E [Rl -2,R 2 +2)xY(A(t),ll>(t)) < E , 

then there exists a critical point a S A4y(s,v) such that the L\-distance from [A(t),ip(t)] 
(for any t € [R\,R2\) to a is at most ^t{e^ s ^ Rl ^ + e^ 5 ^ 2 ^) . Moreover, there exists a 
sequence of constants {\k}k=Q,i.2,- - such that there is a 3-dimensional monopole (A a ,ip a ) 
representing a for which 

\V k (Mt) ~A a )\ + \(V Aa ) k (m - Va)| < \ k (e- 5{t - Rl) + e- 5 ^-*)), 
for any point (t,y) £ [i?i,i?2] x Y- 

Let (A(t),ip(t)) be a solution to the perturbed Seiberg-Witten equations ^3~dj ) on M x Y in 
temporal gauge with finite energy, then there exist two 3-dimensional monopoles (A a ,ip a ) 
and (A/3, ?pp) representing two critical points a and (3 in My (s, rj), such that A — A a and 
%j) — tj) a decay exponentially along with their first derivatives as t — > — oo, and A — Ap and 
tp — ipp decay exponentially along with their first derivatives as t — > oo. 
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Corollary 3.15. If {A(t),ip(t)) is a solution to the perturbed Seiberg-Witten equations ( f?Z| ) 
on [0, oo) x Y in temporal gauge with finite energy, then there exists a sequence of constants 
{Xk}k=o,i,2,— such that there is a 3- dimensional monopole (A a ,ip a ) representing a critical point 
a in My(s,t]) for which 

\V k (A(t) -A a )\ + \(V A J k m) - V>a)| < A fc e- 5 *, 

for any point (t, y) € [0, oo) x Y , and 

F A A F A I < oo. 



'[0,oo)xY 

We now study the geometric structure of the moduli space Ai p (a,f3) for the gradient 
flow lines of C., hP on B connecting two different critical points a, (3 of A4y(s, rj). The space 
Aip(a,P) is also the moduli space of solutions to the perturbed Seiberg-Witten equations on 
(Y x K, g + dt 2 ,Tr*(s)), whose asymptotic limits at ±oo represent a and (3 respectively. Let 6 



be the decay rate of the gradient flow line in Ai p (a, (3) (see Proposition 3.E and Lemma 3.14). 

We will consider the space of pairs consisting of U(l) connections on the determinant bundle 
and sections of the spinor bundle on 

(y x ]R,£ + dt 2 ,7r*(s)), 

topologized with weighted Sobolev norms of weight 8 as in (lqj . Here the weight function is 
es(t) = e 5t , where 6 is a smooth function with bounded derivatives, 6 : K — > [—5,(5] such that 
5(t) = —5 for t < — 1 and 5(t) = S for t > 1. The L\ s norm is defined as 

\\fhl s = ( / e s (t)(\f\ 2 + |V/| 2 + |V 2 /| 2 + • • • + \V k f\ 2 )dtdvol Y ) h 



The weight es imposes an exponential decay as an asymptotic condition along the cylinder. 
An element 70 of A4(a, [3) determines a path in A/G, also denoted 70. We lift 70 to a path 



in A which we denote by 70 = (Ao(t), ?po(t)). From Lemma 3.14, we know that (Aajipa) and 
(A3, 7/^3) represent a and (3 respectively, such that (Ao(t), V'o(i)) approaches to (A a ,Tp a ) and 
(Ap,ipp) exponentially fast in the L 2 -topology as t — > ±00 respectively. 

The operators T(t) have a spectral flow denoted by i(7o) along the path 70 (see (|l6|) for the 
relation with the spectral flow of the Hessian operator Q). We see that 

i( 7o ) = SF 10 {Q) = i(a,f3)(mod d(s)) 

where i(a, (3) is the relative index between a and [3, defined in (|3~6|). Note that 1(70) is Z- valued. 

Choose a Z7(l)-connection Ao on det(W + ) and a spinor section ^0 of W + such that (Aq, V^o) 
is in temporal gauge outside a compact set and satisfies (Aoj^o) = (A a ,ip a ) for t << and 
(A ,tfo) = {Ap, i/> fi ) for t » 0. 
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For k > 2, let Ak,s(oi,f3) be the space of pairs of connections and spinor sections (A,ip) on 
Fxl satisfying 

(A,ip) e (A ^ ) + (n 1 Lls (YxR,iR)®Ll 5 (W+)). 
The gauge transformation group Gk+i,s(ct, P) is locally modelled on 

L 2 k+hS (n°(Y x M,iR)) 

and approaches elements in the stabilizers G a and Gp of a and (3 as i — ► ±00. This gauge group 
acts on Ak,s{ot,(3) freely, so we can form the quotient Bk,s{p.,j3), a smooth Banach manifold, 
whose tangent space at [A,ip] (represented by (A,ip) £ Ak,s(a,f3)) is given by 

{(a, 4>) E ilU © L% S (W+) \G* [AMtS (a, <j>) = (e^ s d*e s )a + ilm(i>, 0) = 0}. 



Using Proposition 3.9, we know that the component of Aip(a,/3) containing the given gra- 



dient flow line 70, denoted by M v (a, /3)y , can be identified with 

(A, ip) satisfies the 

(A,ip) e A k ,s{a,f3) ' 



/Gk+i,s(a,f3). 



monopole equations (p0|). 
Proposition 3.16. There is a Baire set Vq of smooth functions p € V c , satisfying Condition 



S.lg , such that for p £ Vq A4 v (a, /3) 7o , the component of M.{a,0) containing 70, if non-empty, 



is a smooth oriented manifold of dimension i(7o) — d a where d a — 1 if a is reducible and d a = 
otherwise. 

Proof. Suppose (A(t), ip(t),p), representing a point in A4 v (a, (3) l0 , is a solution to the per- 
turbed gradient flow equation (E^) or the perturbed Seiberg-Witten equations ( |30| ) in temporal 
gauge with the perturbation p e V c . Using the linearization of (|30| ) and gauge transformations 
at (A(t),ip(t),p) we may define the following operator 

v A ,4,,p ■ v c © Llj{iQ> © w+) -» L 2 k _ 15 (in Q © iQ 2 -+ © w-), 

X>A,v>,p(p,M) = (G^ )iS ,d + a- (tft Act(?!>,V)) + +P+,^a^+ ^a.^ + tty), 

where (p + ,p,/,) is given by the linearization of the perturbation term at (A(t),ip(t),p). 
Let 7T : Y x 1 -> y be the projection map, then as bundles over FxR. 

A\Y x M, iR) ^ 7 r*A 1 (y, «) © 7r*(A°(r, «) 
A 2 -+(F x M, iK) = 7r*A 1 (y, «). 
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Also, using Clifford multiplication by dt, we identify W + = W = ir*W. Under these identifi- 
cations, fix p, then the operator X>a,j/>,pi restricted to L\ & {i£l x © W + ), has the form 



8_ ( L(A,if>) G(A,ip) 

dt \ n* n 



+ 6 + o(l) 



where L^^, G^,if,) and G* A ^ are given by (|l3|). By the result of Lockhart-McOwen |Q, as p 
varies through V c , T>A.ip,p, restricted to L\ ^(zfi 1 © W + ), forms a continuous family of Fredholm 
operators with index equal to 1(70) — d a . 

Now we prove that f x(t),^(t),p i s surjective. Note that any solution (A(t),ijj(t)) which rep- 
resents a point in M. v (a, (3) 10 , is a solution to the perturbed gradient flow equation ( p7f ) with 



finite energy C v (A a ,ip a ) — C n (Ap,il)p). We can use Condition 3.12, to assert that there is a 
compact subset [—T,T] x Y in R x Y, such that outside this compact set, the perturbation 
function p E V c is zero. 

Suppose that (f,b,cf>) <E L' 2 _ s (iVt ®iCl 2 ' + ® W~) is L 2 -orthogonal to the image oi'DA(t),ti>(t),pt 



then using Lemma 3. If and a direct calculation shows that (/, b, cf>) is zero on [— T, T] x Y. As an 
element in the cokernel of T>A(t),ij>{t),p, {f,b,<f>) satisfies the weak unique continuation principle 
U and hence (/, b, (f>) is zero everywhere. This proves that "DA(t)Mt),p is surjective. 

The Sard-Smale theorem implies that there exists a Baire set Vo of functions p <E V c , so 
that the moduli space Aip(a, /3) 7o , for p € Vo, is a smooth manifold of dimension 1(70) — d a if 
1(70) — d a > 0, and is empty otherwise. 

The orientation of Ai v {a, /3) 7o is determined by the determinant line bundle of 22a,i/>,p over 
Afc,5(o!,/3) for a fixed perturbation p. This is established in Proposition 2.15 of [^(J where it is 
shown that Mp(a, (3) l0 is orientable, the orientation is determined by choosing an orientation 
of 

A top H i(y x R, iR) <g> A top Hg' + (Y x R,iR). 

□ 



Proposition 3.16 has an immediate corollary. 



Corollary 3.17. Let (Y,g,s) be a closed, oriented 3-manifold with a Riemannian metric g and 
a Spin c structure s. Let M.(a, (3) be the moduli space of gradient flows of C n ^ which connect 
two different critical points a and (3. Then, for a generic perturbation p, we have the following 
results. 

1. When Y is a homology 3-sphere, M(a, (3) is empty if i(a) — — d a < 0, otherwise, 
A4(a, (3) is an oriented, smooth manifold of dimension \{a) — \([3) — d a . 
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2. If Ci(s) is non-zero in H 2 (Y,R), Ai{a,f3) has infinitely many components. Each of them 
is an oriented, smooth manifold with dimension given by 1(7) — d a > 0, where 7 is a 
chosen element in that component. The dimensions of two non-empty components differ 
by a multiple ofd(s), where d(s) is the divisibility of ci(s) in H 2 (Y, Z) /Torsion. 

Now we discuss the compactness of the trajectory moduli space. For the case of a 3-manifold 
Y with 61 (Y) > and ci(s) ^ in H 2 (Y,R), we know that M(a,[3), the quotient of M(a,[3) 
by R, has infinitely many components. Assume i(a) — = k + l(mod d(s)) with k > 0, then 

M(a,[3) =U neN M k+nd ^(a,(3) 

where M k+nd ^ (a, (3) is the union of components of dimension k + nd(s) in M.(a,f3). We now 
summarize the compactness results and refer to page 501-549 in ptj for the proofs. 

Proposition 3.18. (Theorem 4-23 MQj) For any 3-manifold (Y,g,s) with a Riemannian metric 
g and a Spin c structure 5, assume Ci(s) ^ if b\{Y) > 0, then M k+nd ( s \a, (3) (M(a,/3) for 
bi(Y) = 0) can be compactified by adding lower dimensional boundary strata of broken trajectory 
moduli spaces. Namely, for bi (Y) = 0, the boundary strata are of the form 

[J M(a,a>i) x M(ai,ot2) x • • • x M(otj,[3). 

Here the union is over all possible sequences of critical points a,ai,---otj,0 with decreasing 
indices. For b\{Y) > and c\(Y) 7^ 0, A4 k+nd ^ (a, f3) can be compactified by adding boundary 
strata of the form 

|J 7W fco (a,ai) x M kl {a 1 ,a 2 ) X ••• X M ki (pij,0). 

Here the union is over all possible sequences of critical points a, ai, ■ ■ • au, (3 with 
ko + ki + • • • + kj < k + nd(s) — j and ki — i(ai, cti + i)(mod d(s)). 

With these compactness results for the moduli space, we have the following corollary which 
will be crucial for the construction of Seiberg-Witten-Floer homology. 

Corollary 3.19. 1. Let (Y,s) be a homology 3-sphere or b\{Y) > with ci(s) 7^ 0, then the 
zero dimensional components A4°(a 1 f3) for two critical points a and [3 of relative index 1 
are compact, and consist of finitely many oriented points. 

2. Let (Y,b) be a homology 3-sphere or b\(Y) > with ci(s) 7^ 0, let a, 7 be two irreducible 
critical points in My(s, n) with relative index i(a,7) — 2, or 2 mod d(s) for bi(Y) > 0. 
Then the boundary o/A^ 1 (a,7) (an oriented, compact 1-manifold) consists of the union 

|J M°(a,f3) xM°(f3, 7 ) 
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where (3 runs over those critical points (3 with relative index i(a, 0) = 1 or I mod d(s) for 
h{Y)>0. 



Remark 3.20. For a 3-manifold (Y, s) with b±(Y) > and ci(s) = 0, we need to perturb by a co- 
closed 2-form r\ such that [*n] representing a non-trivial cohomology class. Then C v has finitely 
many critical points M.y{s,tt), which are all irreducible and have Z-valued indices. Note that 
in this case C v (g.(A,Tp)) — CriiA^t/j) = ([g] U [rj\, [Y]}, which is a multiple of a positive number e v 
(e^ depends on n). For two critical points a and (3 with relative index k+ 1 > 0, and for generic 
p, AA{u,(3) is an oriented and smooth manifold of dimension k, M.(pt,(3) = lJ neN A / t(„)(a, (3) 
where M^(a, (3) is the union of components in M(a,[3) with minimal energy eo(a,/3), and 
for n > 0, _M( n )(a,/3) is the the union of components in Ai{a,[3) with energy eo(a,/3) + ne^. 
Moreover A / i(„)(a, (3) can be compactified by adding boundary strata of the form 

|J M( io ){a,cti) x _M (ll) (ai,a 2 ) x ■ • • x M^,){ai,f3). 

ax,"- ,ai 

Here the union is over all possible sequences of a® = a, ai,--- ,ai,ai+\ = (3 with decreasing 
indices and Ylj=o e o( a j> a j+i) + X)j=o i J e v - e o{®, P) + ™<V 

3.4 Seiberg-Witten-Floer homology: definition and properties 

In this section, we will only construct the Seiberg-Witten-Floer homology for (Y,s) when (Y,s) 
has bi(Y) > and Ci(s) ^ 0. When Y is a homology sphere, there is an equivariant Seiberg- 



Witten-Floer homology, developed in 20 , which is a topological invariant. 

Let (y, g,s) be an oriented, closed 3-manifold with a Riemannian metric g and a Spin c 
structure s. For a generic n, the critical points of C p consist of finitely many, non-degenerate 
points, which we denote by .My (s, 77), all irreducible. 

The Floer complex C^ w (Y,s) is generated freely by the critical points in M.y{s, rf) with a 
relative <i(s)-grading 

C»(y,s) = ® a eM Y (^n) Z - < a > ■ 
The boundary operator d on C*(Y,s) is defined by 

d(< a>)= n ap< I3>, 

where n a p is given by counting the points in J\A®(a, f3) (an oriented, smooth, compact 0-manifold 
from Corollary 3.19| ) with sign. 



Lemma 3.21. d o d = 0. 
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Proof. By definition, 

d 2 (<a>) = Yl n a pd{<[3>) 

0eMy(,s,ri) 

= ^2 n <xP n Pl < 7 > ■ 

where (3 runs over the critical points with relative index i(a, 0) = \mod(d(s)), 7 runs over the 
critical points with relative index i(a,j) = 2mod(d(s)). We want to show that 

^ n a pnp~, = 

{P\i{a,P)=lmod{d{s))} 

for any 7 S My{s, 77) with i(a,7) = 2mod(d(s)). We know that the number 

{fS\\(u,f3) = lmod(d(s))} 



is the number of oriented boundary points of the 1-manifold M 1 (a,j) by Corollary 3.19, and 



hence is zero. □ 

Now we can define the Seiberg-Witten-Floer homology. 

Definition 3.22. For any closed oriented 3-manifold Y with a Spin c structure, the Seiberg- 
Witten-Floer homology is defined to be 

HF? W (Y, S ) = H*(C* w (Y,s),d*), (38) 

which is a %d(s)~ graded and finitely generated Abelian group. 

Remark 3.23. The Seiberg-Witten-Floer homology can be thought as a refinement of the 
Seiberg- Witten invariant for a 3-manifold Y with a Spin c structure 5, in the sense that the 
Seiberg-Witten invariant for (Y,s) is the Euler characteristic of the Seiberg-Witten-Floer ho- 
mology HFf w (Y,s). 

The definition of HFf w (Y, 5) involves both the metric and perturbations. The fol- 
lowing proposition shows that for a 3-manifold Y with bi(Y) > and ci(s) 7^ 0, 
the Seiberg-Witten-Floer homology is a topological invariant, independent of the met- 
ric and generic perturbations 7/ and p. We then show that there is an the action of 
A(Y) = Sym*(H (Y,Z)) ® A* (Hi (Y, Z) /torsion) on HF? w (Y,s). 

Proposition 3.24. For any closed oriented 3-manifold Y with a Spin c structure s such that 
ci(s) is non-torsion, then HF^ w (Y,s) is a topological invariant and there is an action ofZ[U] 
on HF^ w (Y,s) where the U -action decreases the relative grading by 2. 
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Proof. The proof of topological invariance can be found in pcj . The Z[[/]-module structure 
can also be extracted from the isomorphism between H Ff w (Y, s) and the corresponding equiv- 
ariant Seiberg-Witten-Floer homology HF^^(Y,s). Here we sketch a more direct proof of 
the existence of a Z[J7]-module structure on HFf w (Y, s). In subsection 5.3 of ^o), there is an 
associated integer m Q7 for each pair of critical points a and 7 in _My(s, rj) of relative index 2 
mod(d(s)), defined as follows. 

Let A4 2 (a, j3) be the 2-dimensional components of the moduli space of parametrized flowlines 
between a and 7. There is a [/(l)-principal bundle over Ai 2 (a, (3), denoted by M 2 (a, /?), which 
is the based moduli space corresponding to A4 2 (a, (3). That is, fix a base point (to, yo) elxF 
and a complex line L Vo in the fiber W yo of the spinor bundle W over Y such that L Vo doesn't 
contain the spinor part of any critical point in M.y (s, r\). Such L Va exists due to the fact that 
.My (2,77) consists of finitely many irreducible critical points. Note also that the space of such 
L yo is path-connected. Then there is a complex line bundle L ai over A4 2 (a,p) 



with a canonical section 



L ai = M 2 (a,/3) x u(1) (W yo /L ya ) 



k ) *]) = ([A,*],*(to,|ft,)). 



This canonical section determines a trivialization of C ai away from a compact set (see Lemma 
5.7 in [pp|| ) by the choice of L yo . Then the relative Eulcr number of (£ Q7 ,s Q7 ) defines an 
integer m aj for each pair of a and 7 with relative index 2 mod(d(s)). The system of integers 
{m aj : i(a,7) — 2mod(d(s))} satisfies the following properties (Cf. Lemma 5.7 and Remark 5.8 
in po|| ): m Q7 is independent of the choices of base points and L yo , and for a and S two critical 
points with relative index 3 mod(d(s)), then 

^ riupmps - ^ m ai n 1 s = 0. (39) 

{/3|i(a : /3) = lmod(d(s))} {~f\i(a-t)=2mod(d{$))} 

Now we can define a map 

U: Cf w {Y,s) — » C™ 2 (Y,b) 



<a> 



^ m al < 7 > 

{7|i(a,7) — lmod(d(s)) } 



(40) 



Identity ( p9|) implies that £/ induces a map on the Seiberg-Witten-Floer homology which de- 
creases the relative grading by 2. This is the Z[{7] module structure on HF^ w (Y,s). □ 

Now we define the action of A(Y) = Sym*(H (Y, Z)) <g> A* (F x (Y, Z) /Torsion) on 
fff t sw (y,s). Note that Sym*(H (Y 1 Z)) = Z[U], so we only need to define an action of 
A* (Hi (Y, Z) /Torsion) on HF^ w (Y,s). 
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Let tt be an embedded loop in Y which represents a non-torsion element in Hi (Y, Z) . For any 
a and /3 two critical points in _A/fy(s,?7) with relative index 1 mod(d(s)), let A4 1 (a,f3) denote 
the 1-dimensional components of the moduli space of parametrized flowlines between a and (3. 
Then there is a universal line bundle over tt x Al 1 (a,/3) constructed as follows: for any point 
y £ 7T, the based moduli space with base point (to,y) defines a [/(l)-bundle over A't 1 (a,/?). 
Varying y in tt gives rise to a universal line A'l^a,/?) over tt x A / t 1 (a,/3). 

As in the proof of Proposition |3.24 , choose a fixed base point y a and a complex line 



L ya C W Va , then there is an associated complex line bundle 

Cl p = M*fa0) x u(1) (W yo /L vo ) 

over tt x Ai 1 (a, /?), endowed with a canonical section defined in a fashion similar to that in 
the proof of Proposition [3.24 . This canonical section also defines a trivialization away from 
a compact set in 7r x Al 1 (a,/?). The corresponding relative Euler number is denoted by ir a p: 
it counts the zeros of a generic section which agrees with the trivialization determined by s^o. 
The standard cobordism argument implies that ir a p is independent of the choice of embedded 
loop it, hence we can denote this relative Euler number as [Tr] a p for any non-torsion element 
[tt] £ H\(Y,1). This defines a map of degree —1 on the Seiberg-Witten-Floer chain complex: 

[tt] CI w {Y,b) — > C^(Y,s) 

< a > h-> ^ <P> ■ 

{f3\i(a,l3) = lmod(d(s))} 

Proposition 3.25. [it] is a chain map and satisfies [tt] o [tt] = 0, hence it defines an action of 
A* (Hi (y, Z) /Torsion) on the Seiberg-Witten-Floer homology HF^ w (Y,s). 

Proof. First, we show that [tt] is a chain map. Let a and 7 be two critical points of relative 
index 2 mod(d(s)). Let A4 2 (a, 7)* be the induced partial compactification of the 2-dimensional 
components of A4(a, 7) obtained by adding the broken flowlines. Note that, Ai 2 (a, 7)* consists 
of finitely many cylinders (homeomorphic to S 1 x R), and finitely many bands (homeomorphic to 
[0, 1] xl). The boundary ends in the bands correspond to the unparametrised broken flowlines 

{l3\i(aJ3) = lmod(d(s))} 

where M°(a,(3) and M°(f3, 7) are the quotients of M 1 (a,(3) and M 1 (f3,j) by the R-action 
respectively. There is a complex line bundle over tt x A^ 2 (a,7)* with a canonical section 
s„ 7 , constructed in a fashion similar to that of (C^p, s^p) in the proof of Proposition 3.24. 
Away from a compact set in tt x A^ 2 (a,7)*, s™ is nowhere vanishing, hence it determines a 
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trivialization of C7 ai away from a compact set. The zeros of a section which agrees with s^ 7 
away from a compact set form an oriented smooth 1-manifold. Such sections we refer to as 
generic sections of (£„ 7 , s£„). Looking at the boundary of this zero set we see that it consists 
of 

|J (S-^(O) x M (/3,j) U A*<W) x ^(0))- 

{/?|i(a,/3)=lmod(d(s))} 

Here s Q( g and are generic sections of (>C^,s^) and (£^ 7 ,s^ 7 ) respectively. The counting 
of these boundary points implies that 

{/3\i(a,0)=lmod(d(s))} {0>\i(a,/3')=lmod(d(s))} 

Hence [n] is a chain map so we have defined an action of H X (Y, Z) /Torsion on HF? w (Y,s). 

To get [tt] o [tt] — on the chain level, we need to give another way of calculating the relative 
Euler number of (£^g, s^p) in terms of the following holonomy map: 

K : M 1 (a, 13) — > 11(1), 

where h^g(\K, $>]) is given by the holonomy of A along the loop {to} x tt for any 
[A,*] e M 1 (a,f3). Let uj be the standard closed 1-form on U(l) with integral one over U(l). 
Then pulling back: 



M«/j = / 

JM 1 (a,f3) 

which is the winding number of the holonomy map h^p, that is, the counting of a generic fiber 
of ^ a p. 

Now for two critical points a and 7 with relative index 2 mod(d(s)), the corresponding 
holonomy map can be extended over the partial compactification of Ai 2 (a 1 7)*. We denote this 
holonomy map by h^. Then the fiber of h* at a generic point p £ U(l) is an oriented smooth 
1-manifold whose boundary consists of 

U (Kpr\p) x (^ 7 r». 

{0\i(a,p) = lmod(d(s))} 

Counting these boundary points with sign, we obtain 

{l3\i(a,p) = lmod(d(s))} 

This shows that [it] o[w] =0 on the chain level. Hence there is an action of A* (Hi (Y, Z) /Torsion) 
on the Seiberg-Witten-Floer homology HF? W (Y, s) . □ 



39 



Let (— Y, — s) be the 3-manifold Y with the reversed orientation. There is a one-to-one 
correspondence between the 3-dimensional monopoles on (Y,s) and (—Y,—s) 

M Y (s, 77) ^ M- Y (s, -n) 

which sends a 1— > a, such that 

iy(a,/3) = i_y(/3,a). 

There is also an orientation preserving diffcomorphism between the moduli space of gradient 
flow lines for the Chern-Simons-Dirac functionals on (Y,s) and (— Y, — s): 

Mwlx.y{u,I3) = M^x-Y0,a). 

Hence from the construction of the Seiberg-Witten-Floer homology, we see that C_*(— Y, — s) 
can be identified to the dual complex of C*(Y,s). This gives rise to a natural pairing 

( , ) : HF? W (Y, 0) x HF™(-Y, -s) — Z, (42) 

which satisfies the following properties whose proofs are immediate from the definition: 

1. For two relative degree 2 cycles Si and S 2 in HFf w (Y,s) and H F^ (-Y, — s) respectively 
< tf(5i),Sa >=<S 1 ,C/(H 2 ) >. 

2. For two relative degree 1 cycles Si and S2 in HFf w (Y, s) and HF_^(— Y, —s) respectively, 
and any [vr] G H±(Y,Z) /Torsion = H^-Y.Z) /Torsion, < [vr](Si),S 2 >=< Si, [tt](S 2 ) >. 

Thus, < z.Si, S 2 >=< Si, z.S 2 > for any z E A(Y) = A(—Y), for any cycles Si E HFf w (Y,s) 
and S 2 E HFE^(—Y,-s) respectively. 

3.5 Variants of the Seiberg-Witten-Floer homology 

The Seiberg-Witten-Floer homology HFf w (Y,s), as defined in the previous subsection, is a 
finitely generated Z^^-graded Abelian group. There are various ways of defining Z-graded 
Seiberg-Witten-Floer homology groups for any closed oriented 3-manifold Y with a non-torsion 
Spin c structure s. These were briefly discussed at the end of section 4.1 of |2(J . In this subsection, 
we propose a way of defining Z-graded Seiberg-Witten-Floer homology, which will be convenient 
for our later description of the relative Seiberg-Witten invariant for a 4-manifold with cylindrical 
end modelled on ([—2, 00) x Y,s). 

Notice that the first Chern class of the non-torsion Spin c structure s defines a homomorphism: 
ci(s) : H l (Y, Z) — ► Z by Ci(s)([u\) =< [u] U a(s), [Y] > for any element [u] E H 1 ^ Z). 

For any subgroup K C Ker(ci(s)), there is a subgroup Qy of the full gauge transformation 
group Gy, whose elements lie in the connected components determined by K (note that the 
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group of connected components of Gy is F[ 1 (Y, Z)). Consider the Seiberg-Witten-Floer homology 
theory for the Chern-Simons-Dirac functional on the configuration space Ay modulo the gauge 
group Gy ■ The critical point set, denoted by A4y,k(s, 77), is a covering space 

t^k ■ M y ,k(s, rf) — * M Y (s, rf) 

whose fiber is an H 1 (Y, Z) / K- homogeneous space, hence, there is a natural action of if 1 (Y, Z) /K 
on M y ,k(s, rf). 

The generators of this variant of the Seiberg-Witten-Floer chain complex are elements in 
■My,k(s, rf), with relative Z-graded indices. Denote this chain complex by 

c s J k] {y,b)= Y, z < r >- 

TeMv.K (s,r?) 

The boundary operator d K is given by counting the gradient flowlines of the perturted CSD 
functional on Ay/Gy connecting two critical points with relative index 1. Fix an element 
r a € Ti^(a), for any critical point (5 € .Mr(s, 77), there is an orientation presevering diffeomor- 
phism 

M(a,(3)^ |J M(T a ,T ), 
r^eTr- 1 ^) 

where M(T a ,Yp) is the moduli space of flowlines on Ay/Gy connecting r Q and Tp. Hence, 
it is easy to see that there is a well-defined topological invariant, given by the homology of 
this new version of the Seiberg-Witten-Floer chain complex, though not finitely generated, still 
admitting an action of A(Y). 

Definition 3.26. For any subgroup K C Ker(a(s)), there is a variant of the Seiberg-Witten- 
Floer chain complex, whose generators are elements from the covering space My,k{s,v) °f 
.My (5,77), and the boundary operator is given by counting the gradient flowlines of the perturbed 
CSD functional on Ay/Gy connecting two critical points with relative index 1. We denote 
the Seiberg-Witten-Floer homology in this setting by HF^W(Y,s), the actions of elements in 
H (Y,Ij) and Hi(Y,Z) /Torsion decreasing degree in H Ff ^ (Y, s) by 2 and 1 respectively. 

From the definition, it is easy to get the following periodicity property for 

H F *jKer( Cl (s))](y> 5 ) : 

^mjiferfcifs))]^ 5 ) ~ HF ^ mod S ) > ( 43 ) 

for any m G Z. 

Remark 3.27. From the natural action of Hi(Y,Z)/K on the generators of the chain complex 
Cf|^-](F, s), HF^'^(Y,s) can be thought as an Hi(Y,Z) / K -equivariant Seiberg-Witten-Floer 
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homology of(Y,s). For any [u] G H\(Y, Z)/K, the action of [u] on HF^Jjq(Y,s) is the following 
A(Y)-equivariant homomorphism: 

[u] : HF^% (Y, «) — (y, s) 

i/>zi/i n =< [u] A ci(s), [F] > . 

For (— Y, — s), where —Y is Y with the reversed orientation and — s is the induced Spin c 
structure, the corresponding Seiberg-Witten-Floer complex Cf^-^—Y, — s) is the dual complex 
of Cf (Y, s) . This gives a natural pairing 

( , ) : HFffh (Y, s) x ffj^ (-y, -s) — Z 

satisfying < z.Si,S 2 >=< Si,z.S 2 > for any z G ^(^) — A(— y) and any cycles 
S i e ^^(^s) and S 2 € HF^ [K] (-Y, -s) respectively. 

For any subgroup K in Ker(c\(s)), there is a chain map CfY^AY, s) — ► Cf w/ (y s) induced 
from the map 7Tr-, which descends to an A(y)-equivariant homomorphism 

n K : HF^ K] (Y, 8) — if Ff w (y 5) . (44) 

Let Ki C K<i be two subgroups in Ker(c\(s)). There is a covering map 

7T : M y ,k 1 (s, r?) — > M y ,k 2 (s, rj) 

which induces a map: 

tt.: ^(y^^cf^^ys) 

assigning the generator < T > of C*,^] (y s) to < 7r(r) > in C».[k 2 ] (y s). For any a, /3 
in A4y,k 2 ( s ,v) °f relative index 1, and for any fixed T a in n^ 1 (a) 7 there is an orientation 
preserving diffeomorphism: 

0) = (J MmxY(r a ,Tp). 
r^67r-i(/3) 

which implies that 7r» is a chain map and induces an A(y)-equivariant homomorphism 

tt: ^(y,,)^^^^,*). (45) 

For any two subgroups K\ and X 2 in ^er(ci(s)), we have the following commutative diagram 
which relates various covering spaces of A4y(s, rj): 

M Y , Kl (s, rj) 

7T 7Tl 

/ \ 
M Y , Kl nK 2 (s,v) 2 My(s,l) ( 4 6) 

\ / 
M y ,k 2 (s,v) 
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where the fibers of ttq, it 1 , tti, it 2 and tt 2 are the homogeneous spaces of H 1 (Y, Z)/(Ki n K 2 ), 
Ki/(K! n K 2 ), H 1 {Y,Z)/K 1 , K 2 j{K x n K 2 ) and H 1 (Y,Z)/K 2 respectively. 

Fix an element in M.y,k 1 c\K 2 { 5 i ffjt then there is a well-defined Z-graded index on 
■M.Y,K 1 nK 2 ( s > r l)i as Ki an< i -^2 are two subgroups of Ker{c\(s)). Hence there are the induced 
Z-graded indices on M.y,k x ( s > v) an d ■My,k 2 ( 5 iV)- The ^(y)-equivariant homomorphisms as 
provided in ( |45| ) and (Q) induce the following commutative diagram of A(Y)-equivariant ho- 
momorphisms. 

^LmM) 2 i^(s, ?7 ) (47) 

n J 7T 7T2 

\ / 

4 Gluing formulae for 4-dimensional Seiberg-Witten in- 
variants 

In this Section, we will study the Seiberg-Witten invariant of a closed smooth 4-manifold X with 
b 2 (X) > 1 and Spin c structure s by stretching its metric along a smooth embedded separating 

3- manifold Y with the condition that s\y is non-torsion. Consider a 1-parameter family of 
metrics {gR}n>o on X such that for each (X,gn), there is an isometrical embedding 

([-R-2,R + 2] x Y,dt 2 +g Y ) — » (X,g R ). (48) 

Write for brevity, X(R) = (X,g R ). 

As Y separates X = X(0), we write X(0) = X+ U X_ with Y = {0} x Y = X + n X— There 
is a canonical orientation preserving isometry 

B : I(JJ)-{0}xF — >X+(i?)UX_(i?), 

where X+(R) = X + U [0, i2] x = X_ U [-i?,0] x Y. As i? -> 00, A±(i?) become 

4- manifolds with cylindrical ends modelled on [—2, 00) x Y and (—00, 2] x Y. We denote these 
4-manifolds by X±(oo). 

Now, it is generally believed that, in some favorable cases, the moduli space of the Seiberg- 
Witten monopoles on X(R), for a sufficiently large R, can be obtained by gluing together the 
moduli spaces for X±(oo) over the ends. In this section, we will establish this gluing theorem 
and give an expression for the Seiberg-Witten invariant of X in terms of certain relative Seiberg- 
Witten invariants for X±(oo). 

First we need to study the moduli space of Seiberg-Witten monopoles on X±(oo) with 
Spin c structures s± which are the pull-back Spin c structures when restricted to the ends. We 
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assume that s±\y — ±t is a non-torsion Spin c structure. Then we will define relative Seiberg- 
Witten invariants for (X±(oo),s±) which take values in certain variants of the Seiberg-Witten- 
Floer homology groups HFj~ w (Y,t) and HFf w (— Y, — t) respectively. As an application of 
the Seiberg-Witten-Floer homology, we will prove the gluing formula for the Seiberg-Witten 



invariants on X as claimed in Theorem 1.2 



4.1 Moduli space for 4-manifolds with cylindrical ends 

Let X + (oo) be a Riemannian 4-manifold with a cylindrical end modelled on [— 2, oo) x Y and 
endowed with a Spin c structure s + such that s+|[-2,oo)xy is the pull-back Spin c structure of 
a non-torsion Spin c structure t on Y. Associated to s+, there is a pair of rank 2 Hermitian 
bundles on A + (oo), a complex line bundle det(s) — det(W ± ), and a Clifford multiplication 
endomorphism 

T*X+{oo)®W ± — > W T . 

Using the Clifford multiplication of dt over [— 2, oo) x Y, W ± can be identified with a rank 2 
Hermitian bundle WonY, and there is an induced Clifford multiplication homomorphism 

p : T*Y xW — > W. 

Then t = (W, p) is the Spin c structure on Y as in the Definition |2.l| . 

The perturbed Seiberg-Witten equations on (X+(po),s+) are the following equations, for a 
pair consisting of an L\ ioc -connection A on det(s) and an L\ ;oc -section in W + , given by 

Fl = + lu + x (v + +p1) 

(49) 

Here lu is an imaginary valued self-dual 2-form supported in a non-empty open set in 
X + {— 2) = X + (0) — [—2,0] x F, x is a cut-off function on A + (oo) which is 1 on [0, oo) x Y 
and on X+(— 2), and (r] + + p^,p*) is the perturbation of the Seiberg-Witten equations on 



[— 2,oo) x Y as written in (J30|) (where rj and p satisfy Remark (pjf) an d Condition (3.12) in 



their Baire sets). The perturbed Seiberg-Witten equations ([19]) are invariant under the action 
of the gauge group, which is the group of L\ ioc -maps from A + (oo) to U(l). 

Let (A, 'J') be a solution to the perturbed Seiberg-Witten equations ( fl9| ) on (A + (oo),s + ), 
in temporal gauge when restricted to the end [—2, oo) x Y. The corresponding path, which is a 
gradient flowline of C ViP , is denoted by j(t) = (A(t),ip(t)) : [—2, oo) — > Ay- We say that (A, \1/) 
has finite energy if 

km (C n ,p(7(-2))-C,, p (7(t))) 
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exists and is finite. The finite energy condition is equivalent to the following condition (see 



Lemma |3.13| ) : 

f°° . HA . rlil, . 

)dt < oo. (50) 



[°° , OA 2 2 



Any solution to the perturbed Seiberg-Witten equations ( (49| ) on (X + (oo),s+) is smooth. We 
put a topology on the set of solutions by its embedding to 

Ll loc (&(X + (oc), iR) © T(W+)) © K 

/°° dA dip 
(II ~q^\\ 2 l 2 (y) + W~Qj~\\ 2 L 2 (Y))d't for the associated path 

(A(t),ip(t)) determined by restricting a solution (A, \&) to [— 2,oo) x Y (which is in temporal 

gauge) . Under this topology, the action of the L\ loc gauge group is smooth on the set of finite 

energy solutions. 

The moduli space of 4-dimensional monopoles on (X + (oo),s+) is defined to be the quotient 
of the set of finite energy solutions to ( |49| ) by the action of the L\ loc gauge group with the 
quotient topology. Denote by Mx + {s+) the moduli space of monopoles on (X + (oo),s + ). 



By Lemma 3.13 and Lemma 3.14, we know that any finite energy solutions to Q49Q de- 
cay exponentially to a 3-dimensional Seiberg-Witten monopole representing a critical point in 
M.Y (s, rj). The proof of the following proposition is straightforward. 

Proposition 4.1. Let (X + {oo),s + ) be a complete Riemannian ^-manifold with a cylindrical 
end [— 2,oo) x Y and a Spin c structure s such that s|[_ 2 ,oo)xy w the pull-back Spin c structure 
of a non-torsion Spin c structure t on Y . Let (A, "J") be a finite energy solution to the perturbed 
Seiberg-Witten equations mty) on (X + (oo),s + ), in temporal gauge when restricted to the end 
[—2, oo) x Y and denoted by {A(t), ip(t)). Then there is a constant S > 0, and a constant C > 0, 
such that there is a 3-dimensional monopole (A a ,ip a ) representing a critical point a S A4 Y (t, rj) 
for which 



J2 (|V fe (A(t) - A a )\ + \(V A J k (m - f/> a )\) < Ce 



-St 

I v \^-\ L ! ~ - n aJ\ "I" IV V A a ) ~ Va)\ J ^ 

0<fe<2 

for any point (t,y) € [0, oo) x Y. 

This proposition ensures that there is a boundary asymptotic limit map 

5oo: M x+ ( s +) -^M Y ,x+(i,v) (51) 

where Aiy,x + (t, rj) is the quotient of solutions to the perturbed Seiberg-Witten equations (^) 
on (Y, t, 77) by the action of those gauge transformations on Y which can be extended to X + (Q). 
Note that MY,x + (t,v) is a covering space of .A4V(t,?7), whose fiber is an H 1 (Y,'L)/Im{i*,y 
homogeneous space, where Im(i* + ) is the range of i* + : H 1 (X + ,Z) — > H 1 (Y, Z). Notice that 
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Im(i* + ) is a subgroup of Ker(ci(i)) where ci(t) is the map from H 1 (Y, Z) — > Z defined in 
Subsection 3.5. 

Over the end [— 2, oo) x Y, if (X+,s+) is modelled on (Y, t = (W, p)) up to an isomorphism 
it € C°°(Y, J7(l)), the equivalent classes of such modelling is given by [u] £ H 1 (Y,Z)/ Im(i^_) 
determined by the connected component of C°°(Y,U(1)) which u belongs to. Then the cor- 
responding asymptotic value map is given by [u] o doc with [u] G H 1 (Y,'Z)/Im(i+) acting on 
MY,x+(t,v)- 

Denote by n + the covering map My,x + (t, if) — > M,y{i, f])- Let A4a' + (s+, a) be the sub- 
space of M.x + {s+) whose elements decay in the L\ ^-topology to a 3-dimensional monopole 
representing a in .My(t, rj). Then we know that 

M x+ (s+,a)= [J A1x + (5+,r Q ) 
where JAx + (s+,T a ) = d^(T a ) is the fiber of the boundary limit map ( pl| ) over r a . Then 



Proposition 4.1 tells us that Mx + (s+,F a ) is the moduli space of solutions to the perturbed 
Seiberg-Witten equations ( |49| ) with (A, belonging to 

(a q , * a ) + L^(r)i(x + (oo), e r(w+)) (52) 

where (A ai $ a ) is a smooth pair consisting of a /7(l)-connection on det(s) and a section of 
W + on X+(oo), which extends (A a ,ip a ) on [— 2, oo) x Y (as a constant pair representing 
T a G A^y.x + (Y, s+))- The corresponding gauge group is the L\ 5 -gauge transformation group. 

The following proposition describes the structure of Aix + (s+, T a ). It is a smooth oriented 
manifold with dimension given by the Fredholm index of an operator T> x labelled by an element 
x G A4x + (s+,T a ) representing a solution (A, 4*) to the perturbed Seiberg-Witten equations 
©. The definition of 

V x : Ll^&iX+ioo), %BL) T(W+)) — ► L 2 ls (n°{X + (oo),iR) n 2 '+(X + (oo),iR) © r(W~)) 
is 

X>«(&,3)=j d+6-2g(*,$)-p+(6,$) (53) 

where G^ A ^ is the adjoint of the linearization of the gauge group action in L^-norm, the terms 
involving pj^ and py come from the linearization of the perturbation term in ( pl9| ) supported 
in [—2, oo) x Y . Note that T> x is indeed a Fredholm operator, whose index is given by the 
Atiyah-Patodi-Singer index formula: 

\x + {T a ) = - A {^ I F A AF A -2 X (X + )-3a(X + ))+lp(T a ), (54) 
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where p(T a ) is the rho-invariant of the boundary operator T(A a ,ib a ) (Cf. the extended Hessian 
operator ([i"3|)). Note that -j^jj- j x ^ , is finite for any finite energy solution (Cf. Corollary 

3.15| )), and <x(X + ) is the signature of the intersection form on H 2 (X + (0), Y; K.) and x(-^+) is 



2 - 26 a +6 2 with 61 = dim.fir 1 (X f (0),Y';R) and o 2 = dimH 2 (X + (0), Y; M). 

Proposition 4.2. Fix an open se£ [/ C X + {— 2) away from the boundary of X + {— 2). There 
is a Baire set of smooth imaginary-valued 2-forms with compact support in U such that for 
any T a G .M y,x + (t> if) : ifi X+ (T a ) < 0, then Ai x+ (s+,T a ) is empty while ifix + (F a ) > and 
Mx + (s+,Fa) is non-empty, then A4x + (s+, To) is a smooth manifold of dimension i X+ (T a ) 
oriented with a choice of orientation for the line A top H 1 (X + (0), Y; M.)®A top H 2 - + (X + (0), Y; M). 
Moreover, the cokernel ofT> x is trivial for any x G Mx+(s+,T a ). 

The proof of this proposition is fairly standard, we omit the details here, see Proposition 



2.14 20 , Proposition 8.5 and Corollary 9.2 in []25j], Proposition 2.2 and Proposition 2.3 



Remark 4.3. From the expression for the dimension formula we know that ifT a andT' a 

are two different points in 7r _1 (a), there is a gauge transformation u on det(i) whose associated 
cohomology class [u] is non-zero in H 1 (Y,Z) j 'Im{i* + ) , such that u(T a ) — T' a in w7 (a). Then 

tx + (r Q )-ix + (rL)=< [u]Ad(t),[y]>. 

Note that if [u] G Ker(ci(t)), then < [u] A ci(t), [Y] >= 0. The relative grading on A4y(i, rj) 



defined in Definition 3. 6 is related to \x + in the following way: 

i(a, [3) = x x+ (I» - i x+ (T a )(mod d(t)), 
where T a G fl+ (a) and T p G 7r^ 1 (/3). 



Under the smoothness condition in Proposition 4.2, we now study the compactness of various 
components of the moduli space Mx + (s+)- It is convenient to assemble the components in 
■Mx + (s+) with fixed dimension d > as follows 

M d x+ {s + )= [J ( |J M x+ {s + ,T a )). (55) 

aeM Y (t,v) r Q G7r^ 1 (a),ix + (r Q )=£i 

Then A4 x+ (s+) = Ud>oM x (s+), each -M x+ (s+) is called a stratum of dimension d in 
M x+ (s+). 

The next proposition establishes the required compactification for each stratum of dimension 
d in M x+ {$+). 

Proposition 4.4. For any d > 0, and each a G M.y(t, rj), there are only finitely many T a 
in 7r^ 1 (a) with non-empty moduli space M x+ (s+,T a ) in M x (s+). Moreover, there exists a 
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compactification of M.^ i, s +)> denoted by M x (s+), which is a smooth manifold with corners. 
The codimension k boundary faces can be expressed in the following form 

(J ( U M X+ {S+,T ao ) X MuxY{T ao ,T ai ) X ■■■ X MMxYiTa^^Ta^Y 

{«!,... ,o fc } {r Q1 ,---,r Q j 

Here {a\, ■ ■ ■ ,afc} C A^y(t,?y) and T ai 6 7r7 (af) such that Aix + (s+, T Qi ) is non-empty for 
each < i < k, 

d = i x+ (T ak ) > ijc+CTa^J > ■■• > ijc+(r ai ) > ix+(r Q0 ) > 0, 

and A / JRxy(r cti , r Q . j _ 1 ) is i/ie moduli space of unparametrized flowlines for C^.p, connecting T Qi 
and r ai _j on i/ie configuration space Ay modulo those gauge transformations which can be 
extended to X + . 



Proof. The proof is standard in Floer gauge theory, we only give a sketch here, following the 
techniques developed in section 4 of [^0| . 

There is a constant E depending only on the Riemannian metric on X + {oo) such that for any 
finite energy solution (A, 4>) in temporal gauge when restricted to [—2, oo) x Y, representing a 
point in M x (s+), we have < E for any x E X + (oo). This follows from the Weitzenbock 

formula for the Dirac operator Jp^ and the fact that, over the end, (A, "J") satisfies the asymptotic 



estimate of Proposition 4.1 



With this pointwisc uniform bound on \1/ and the asymptotic estimate in Proposition 4.1 
there is a uniform bound on the L 2 -norm of Ft so that 



~f F A AF A = -L[ (\F+\ 2 -\F^)dvol x+ 



>X+(oo) JX + (oc) 

is uniformly bounded. This implies that there is a uniform upper bound on the L 2 -norm of 

Now let (Aj,^i) represent a sequence of elements in A4 x+ (s+). Then the standard boot- 
strapping arguments in elliptic regularity theory show that on any compact set of X + (oo), 
there exists a subsequence of (Ai, VPi) which, after suitable gauge transformations, converges in 
C°°-topology to a finite energy solution to the perturbed Seiberg-Witten equations (J49J) on the 
corresponding compact set of X + (oo). These procedures, as illustrated in Theorem 4.1 [^0|, will 
produce an element in 

IJ ( (J Mx + (s + ,T ao )xM RX Y(r ao ,r ai )x---xM RxY (r ak _ 1 ,(r ak ^ (56) 
{«!,-, o fc } {r ai ,~. ,r ak } 

with {ai, • • ■ , a/c} C Ady{i, T)) and T Qi S ttT (a,) such that for each < i < k 

d = i x+ {r ak ) > ix + (r« fc _J > ■ ■ • > ijc + (r ai ) > ix+(r ao ) > o. 
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An easy consequence of this convergence argument is that there are only finitely many 
F a e tt+ 1 (q:) with non-empty Mx + (s+,T a ) in M x+ (s+, r Q ). 

Next we need to show that any element in ( |56|) can glued together to produce an element 
in M.x + {5+,T ak ). This is the multiple gluing theorem in Theorem 4.23 and Proposition 4.25 
of p0[ . This implies that for any T ai appearing in (|5"6|), Mx + (s+, F ai ) is non-empty. Note 
that by the generic choices of various perturbations, all the moduli spaces in our discussion are 
smooth and the cokernels of the corresponding Fredholm operators are trivial, hence there is no 
obstruction in the multiple gluing theorem in Theorem 4.9 and Proposition 4.25 of p0[ . 

The smooth structure with corners on the compactification can be obtained with the help 
of Lemma 4.26 in |E0|, we omit the details. □ 



We should remark that there is a family version of Proposition 4.2 and Proposition 4.4, 
which will be crucial in the proof of the topological invariance of the various relative invariants 
introduced in the next Subsection. 

For simplicity, we assume that the Ricmannian metric on Y, the perturbation r\ for the 
non-degeneracy of My{s,n) and the perturbation p for the smoothness of the moduli spaces of 
flowlines for C Vt p are fixed. 

Let g and g\ be two Riemannian metrics on X + (oo) which agree with the product metric 
dt + gy over the end [—2, 00) x Y . Let u> and ui\ be two compactly supported self-dual 
forms, with respect to go and g\ respectively, in the Baire set in Proposition |4.2| such that the 



claims in Proposition 4.2 and Proposition 4.4 hold for the moduli spaces M.x + go, ^0) and 

Proposition 4.5. There is a continuous interpolating family of metrics gt which agree with the 
product metric dt 2 + gy over the end [—2, 00) x Y and compactly supported self-dual forms u) t 
such that, for any T a 6 My.x + (tj r/) with ix + (r a ) = d > 0, the family of moduli spaces 

M^(s+,r a )= |J M x+ (s +> T a> g t ,oj t ) 
te[o,t] 

satisfies the following properties: 

1. A4^(T a ) is a (d+1)- dimensional, oriented, smooth manifold and the parameter projection 
Ai^(T a ) — > [0,1] is smooth and admits a product structure near the ends of [0,1]. The 
orientation on M^{T a ) is compatible with the orientations of Aix + (s+,T a , go,u>o) and 
■M.x + (s+,T a , <7i,u>i) as the boundary. 

2. There is a compactification of A4^(T a ) which is compatible with the compactifications of 



Mx + (s+j Taj go, w o) an d M-x+ ( s +? T Q , gi, u>i) described in Proposition 4.4. In particular, 
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the codimension one boundary of the compactification of A4^ (T a ) is given by 

M x+ (s+,r Q , so, wo) U {-Mx+ (s+, T a ,g 1: oji)) 
U Ufe[o,i] (Ua eM y (t,77) Ur^eTr+^ao) Mx + ( s +' F "o> 5t, w t ) x 7W Rx Y (r Q0 , r a )J . 
-Here r Qo S ttT (ao) and < ix + (r Qn ) < d. 
The proof of this proposition is just the family version of arguments in the proofs of Propo- 



sition 4.5 and Proposition 4.4. We will not repeat the arguments here and leave the details to 



the reader. 

4.2 Relative invariants for 4-manifolds with boundary 

Let X + (0) be an oriented 4-manifold with one boundary Y. We endow X + (0) with a complete 
metric, denoted by X + (oo), so that X + (oo) has a cylindrical end modelled on [— 2,oo) x Y. 
Let s_|_ be a Spin c structure on X + (oo) whose induced Spin c structure on Y is t such that 
ci(t) is non-torsion. There is a subgroup Im{i* + ) of Ker{c\{i)) such that the covering map 
■M.Y,X + (^v) ~ * -My(t) 7 ?) nas as its fiber an iJ 1 (y, Z)/Jm(z!j_)-homogeneous space. 

Fix an orientation for the line A top H 1 (X + (0),Y; R) ® A*°P J ff 2 '+(X + (0), F; K). As studied in 
the previous Section, the finite energy moduli space has a well-defined asymptotic limit map: 

M x+ {s+) -> A4y )X+ (t, ??). 



The structure of A^x + (s+) was established in Proposition [4.2| and Proposition 4.4. 

Denote by A(X + ) = Sym* (Hq(X + )) eg) A* (Hi(Xi) /Torsion) the free graded algebra gener- 
ated by the class of the element in Hq(X + ) and the 1-cycle 7 € H\(X+) with degrees 2 and 1 
respectively. Then the relative Seiberg-Witten invariant for (X+(oo),s+) will be defined as a 
map 

SW X+ (a, •) : A(X+) ~ HF^i m{il)] (Y, t). 

For any monomial z = f7 71 A 72 A • • • A7; in A(X + ) with 2k + l = d > 0, we need to consider 
all the components of dimension d, M x+ (s+) in A4x + (s+). Recall that 

M x+ (s+) = (J ( |J M x+ ( 5+ ,r a )). 

Choose /c-points {xi,--- ,Xk} in X + (oo), and for each Xi, choose a complex line L Xi in 
W+ (the fiber of W + over cc,). Also choose Hoops 5 = {tt\,--- , tt;} representing 1-cycles 
{Til"* >7i}- For a generic choice of A = {(xi, L Xl ), ■ ■ ■ ,(x k ,L Xk )}, as a subset of M. x+ (s+, r a ) 
(for F Q with indx+ C^a) = d), 

M x , (s+,r Q ) = {[A,*] e Xx + (s+,r a )|*(a: l ) G L Xi! for each x u 1 < i < k} 
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is a /-dimensional, oriented and smooth submanifold of A4x + (s+, r Q ). Moreover, M x (s+,Y a ) 



meets with each boundary face of the compactification Mx + (s+,T a ) transversally. This is 



the consequence of Proposition 4.2 and Proposition 4.4 and the standard application of Sard 
theorem. 

Similarly, for any Z-loops S = {tti, • • • , 7r;}, there is a holonomy map 

h s : Mi + (s + ,r a )^[/(l)' 

given by the holonomies of [A, VP] £ A4x + {s+,T a ) along loops in S. Then for a generic point 
q G C^(l)', there is a 2fc-dimensional, oriented and smooth submanifold A4 x+ (s+,T a ) — h~ 1 (q) 
of A4x + (s+,T a ). Moreover, A4 x+ (s+,T a ) meets with each boundary face of the compactifica- 
tion Aix + {s+,T a ) transversally. 
Then we obtain that 

M x f(s+, r a ) = m x+ (s+,r a ) n M x+ (s+, r ) 

is a compact, O-dimensional, oriented and smooth manifold. We write 



SW x+ (s+,z,T a ) = #(M x <~(s+,r a )), 

an integer which is independent of the choices of A and E, as the space of {A,S} is path- 
connected. 

For those T a with ix + (T a ) 7^ d, we set SWx + (s+, z,T a ) = 0. Now we can define the 
following chain element in Cf^ m ^» ^(Y, t) (for d = deg(z)): 

SW x+ (s+,z)= J2 SWx +( s +> z > Ta ) <Ta> ( 57 ) 

oeMy(t,ii) r Q 



which is a finite sum according to Proposition 4.4 



Proposition 4.6. SW x+ (s + ,z) is a cycle in C^ m ^ ^ (Y, t) whose image in HF^ m ^, ^ (Y, t) 
is independent of the metric and perturbation in the perturbed Seiberg-Witten equations fcfy). 

Proof. To see that SWx + (s+, z) is a cycle we need to show that d Im ^*+\SWx + (s+, z)) is 
zero. Consider the (d + l)-dimensional components, M d x ^{s+), of Mx + (s+)- Express 

MQH*+) = lJ PeM,(i,r l ) |J Mx + (s+,T ), 

r y3 e7r- 1 (/3),i x+ (r^)=<i+i 



whose compactification is described in Proposition 4.4. Notice that the codimension one bound- 
ary face of M x + ^{s+) consists of 

U a ,/jeMY(t,i,)( [J Mx + {s+,T a ) x 7WRxy(r Q ,r^ 



r Q ,r 



3 
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where T a £ 7f7 (a) and Tp S 7r^ 1 (/3) with ix + (Fp) = d+1 and the unparametrized moduli 
space 7WR X y(r Q , Tp) is non-empty. 

Choose A and S away from the cylindrical end [—2, oo) x y, then the submanifold 

M^( s+ ,rp) = Mj c+ (s + ,r l3 )nMy c+ ( s+ ,T ) 

is a smooth oriented 1-manifold whose boundary consists of 

r»e7r; 1 ( Q ),i x+ (r Q )=<i 
The counting of boundary points with sign yields 

E E SWx + (*+> z < r J#(^«xy (r Q) r») = o. 

aeA4y-(t,»;) r Q e7r^ 1 (a) : ix + (r o )=d 

Note that #(7W Rx y (r Q , I^)) is the coefficient of I> in a /m(i + ) (T Q ), this shows that 

d /m ^+)(sw x+ (s + ,z)) = o. 

To establish the independence of [SW^ (s+, z)], as an element in HF^ m ^, ^(Y, t) on the 
choice of metric and perturbation on X + (oo), we need to study the family version of moduli 
spaces interpolating between Mx+ go, t^o) and M.X+ gi, 'j-'i)- 

Choose A and 3 away from the cylindrical end [—2, oo) x Y , then Proposition 4.5 implies 
that, 

SW x+ (s+,z,g ,uj Q ) - SWx + (s+,z,gi,u>i) 
= T,ao,aeM Y (i.,v) ^r ao ,r a H r ao n T ao T a < T« >, 

where r Qo 6 7r^ 1 (o;o) with bf + (T Qo ) = rf — 1 and T Q € 7T+ (a) with bc + (r Q ), 
nr,,^ = #(A^Kxy(r Qo ,r a )), and i?r„ is the counting of the points ([A, ^],t) in 
•Mf-i( r ao) = u t6[o,i]-Mx + (s+,r Q , ,g t ,w t ) satisfying 

1. [A,*] € 7Wx + (s+,r Qo ,3 t ,w t ) such that e L Xj for each (x t ,L Xi ) e A, 

2. /i 3 ([A, *]) = g for a generic q G U(l) 1 . 



Proposition h5 implies that Hr ao is well-defined, and 

E E ^r Qo nr Qo r„ <r« > 

a ,aeJWy(t,77)r ao ,r Q 

is a boundary chain element, hence, SWx + (s+, z, go, u)q) and SWx + (s+, z,gi, Wi) define the 
same element in HFfJ[ m ^ ^ (Y, t). □ 
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To summarize, we have defined a relative Seiberg-Witten invariant as the following linear 
functional: 

SW x+ (s + ,-): A(X + ) — HF™ m (Y,t) 

1 (+ " (58) 
-» [SW x+ (s+,z)]. 

[SWx + {s+, z)] has an representative written as in (p7|). 

Notice that there is a homomorphism : A(Y) — » A(X), which induces an action of A(Y) 
on A(X). Then it is evident that from the definition of the action of A(Y) on HF^ m ^, ^ (Y, t) 
and the definition of the relative invariant, SW X+ (s+, ■) in ( |58| ) is A(Y)-equivariant, in the sense 
that, 

[SW x+ (s + ,(i + )4 1 )z)}= 1 [SW x+ (s + ,z)}, 
for any 7 G A(T) and z £ A(X). 

Remark 4.7. The definition of the relative Seiberg-Witten invariant can be generalized to the 
case that X + has several boundary components. For example, if d(X + ) = (— Yi) U Y<i, let s+ 
be a Spin c structure on X + whose restrictions to the boundary manifolds are non-torsion Spin c 
structures ti and t2 respectively. Let i\ and ii be the boundary embedding map, Im(i{) and 
be the range of the induced maps on H (X_)_,Z). Endowing X + with a complete metric 
such that X + (oo) is a cylindrical- end manifold modelled on (—00, 2] x Y\ U [2, 00) x Y2, then we 
can define a relative Seiberg-Witten invariant for {X + , s + ): 

SW x+ (s +> .) : A(X + ) ^^^(-n,-^)®^^)]^'^)' 

In other words, for any z £ A(X + ), SW x+ (s+,z) defines a homomorphism from 
HF *^L(il)]( Y i-^) to HF f]im(t' 2 )]( Y 2^2) using the natural pairing between HF^^^iY^ix) 
™d HF^ miit)] {-Y x -t x ). 

4.3 Gluing formulae for the Seiberg-Witten invariants 

Consider a closed 4-manifold (X,s) with b^ > 1 and a Spin c structure s. Suppose that X 
has a decomposition X + Uy X + along a 3-dimensional submanifold Y where b\{Y) > and 
t = s\y is non-torsion. In this subsection we will develop a gluing theorem for the moduli space 
of the Seiberg-Witten monopoles on (X, s) in terms of the the moduli spaces for the Seiberg- 
Witten monopolcs on (X±,s±) with s± = s\ x± . Let i± be the boundary embedding maps from 
X± -> X, and let Im(i* ± ) be the range of the map i*± : H 1 (X±,Z) -> H\Y, Z). 

The set of Spin c structures on X which agree with s± when restricted to X± is an affine space 
over H 1 (Y,Z)/(Im(iV) + Im(i*_)). Denote this set of Spin c structures on X by Spin c pf,s±). 
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Note that Spin c (X, s±) can be obtained by gluing the Spin c structures s± on X± along Y using 
gauge transformations on (Y, t). The equivalent classes of Spin c structures, obtained in this way, 
are classified by the connected components of H l {Y, Z)/(7m(il) +Im(i*_)). Denote by s+ # u s_ 
the resulting Spin c structure on X obtained by gluing S± using the gauge transformation it, 
then 

Spin c (X,s±) - {s+# u s-\u G Gy, [u] G H\Y,Z)/{Im{i* + ) + Im(i*_))}. 

Consider a family of metrics {§r}r>o on X such that for each X(R) — (X,gn), there is an 
isometrically embedded submanifold ([— R — 2, R + 2] x Yj dt 2 + gy)- There are two 4-manifolds 
X±(R) obtained by X(R) = X + (R) UI_(B). As R — > oo, X(i?) has a geometric limit, which 
are 4-manifolds with cylindrical ends, denoted by X±(oo). 

In the previous Subsection, we defined relative Seiberg-Witten invariants for (X±(oo),s±) 
using the finite energy moduli spaces of the perturbed Seiberg-Witten equations on (X±(oo),s±). 
These relative Seiberg-Witten invariants are A(Y)-equivariant linear functionals: 

SW X± ( 5± , ■) : A(X ± ) — > HF™ m{i , ±)] (±Y,±i). 

Fix an orientation on the line A^if 1 M) ® A iof, iI 2 ' + (X, R) which is induced 
from tensoring the orientations on A* op _ff 1 (A + (0), Y\ R) ® A* op iJ 2 -+(A + (0), F; R) and 
A*°PiJ 1 (X_(0),y;R)®A*°PiJ^+(A_(0),r;R). When fe+ = 1, we also need to fix an orientation 
on the line H 2 ' + (X, R) such that C!(s)-cl> + > for an oriented generator co + of H 2 ' + (X, R). Then 
there is a Seiberg-Witten invariant as defined by Taubes in |}4|] , which is a linear functional: 

SWx(s,-)- A(X) — >z, 

where A(X) = Sym*(H (X,Z)) ® A*(Hi(X,Z)/Torsion) is the free graded algebra generated 
by the class of elements in Ho(X,Z) and Hi(X,Z) with degree 2 and 1 respectively. 

On (A(i?),s) for 5 G Spin c (A, s±), consider the following perturbed Seiberg-Witten equa- 
tions for a pair consisting of a [/(l)-connection A on det(s) and a spinor section \I> in VT + : 

F+ = q(V, y)+co++LO- + X (V + + Pa) 

(59) 

^A* = XP* 

where we use the following notation. 

• ui^ are imaginary valued self-dual 2-forms on X±(0) with compact support in a non-empty 



open set such that Proposition 4.2 and Proposition 4.4 hold for the finite energy moduli spaces 
for (Xfc(oo),s±). 

• + Pa ' P*) ^ s ^ ne perturbation of the Seiberg-Witten equations on [—2, oo) x Y as written 



in (p0[) (where rj and p satisfy Remark (3.4)and Condition (3.12)), and 
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• X is a cut-off function on X(R) which is 1 on [—R,R] x Y and on X±(—2). 

The moduli space of the Seiberg-Witten monopoles on (X(R),s), denoted by M.x(r)( s )> is 
the quotient of the set of smooth solutions to the above perturbed Seiberg-Witten equations ( p9| ) 
by the action of gauge group C°°(X(R), U(l)). Then (Cf.@||) for generic uj ± , M X (R){s), if 
non-empty, is a compact, oriented and smooth manifold of dimension given by 

dx(s) = \{d{sf - (2 X (X) + M*))) > 0- 

Any solution (A, to the perturbed Seiberg-Witten equations (p9|), when restricted to 
[-R, R] x Y, is gauge equivalent to a path of gradient flowlines of C v , p on Ay. Denote this asso- 
ciated path of flowlines by j(t) = (A(t),ip(t)), then the next lemma ensures that the variation 
of C I( ,p along the associated path j(t) is uniformly bounded. 

Lemma 4.8. There is a constant E independent of R such that for any solution (A, '&) to the 
perturbed Seiberg-Witten equations ^5^ ) on (X(R),s), the variation ofC v .p along the associated 
path of gradient flowlines j(t) — (A(t),ip(t)) is uniformly bounded by E, that is 

\c 1hP (j(-R))-c, hP h(R))\<E. 



Proof. From Lemma 3.14 , we only need to show that \C(j(—R)) — C(j(R))\ is uniformly 
bounded. Note that 

< C( 7 (-R))-C( 7 (R)) 

= - I F A f\F A + I < 1p, $ A lj) > dvoly - I < 1p, $ A %\) > dvoly 

1 J[R u R 2 ]xY JdX + (Q) JdX-(O) 

A standard application of the Weitzenbock formulae implies that, there is a uniform pointwise 
bound for |^|. Hence there is a uniform pointwise bound for \F A \ independent of R and (A, "J), 
from which, with the aid of the perturbed Seiberg-Witten equations, we obtain a uniform bound 
for 

/ < ip^A^P > dvoly and / < ip,^Aijj > dvoly. 

JdX + (0) JdX_(0) 



Hence, there is a constant C > such that 

1 

2 



F A AF A >-C. (60) 

[~R,R]xY 



Notice that there is an identity 

JL< Cl(5 f,[x]> 



F A A F A (61) 

X(R) 



\ F k lli=(x+(o)ux_(o)) W f k llia(x+(o)ux_(o)) j { _ RR]yY Fk ' ' 
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From ( |6C)| ) and ([n]), we know that \\F A H^apf m)ux (o)) ^ s uniformly bounded, which in turn 
implies that 



[-R,R]xY 



is also uniformly bounded. This completes the proof of the lemma. □ 

An immediate consequence of the above finite energy lemma concerning any solution to the 
perturbed Seiberg-Witten equations (^9|) is the following geometric limit theorem as R — ► oo. 

Theorem 4.9. Let (Ar,^r) be a solution to the perturbed Seiberg-Witten equations $5!\ ) on 
(X(R),s) for s G Spm c (X,s±), then there is a finite integer k > such that as R — > oo, there 
exists a subsequence of (An, ^r) which converges in L\ loc -topology to 

{(A+, *+), (A x , \&x), (A 2 , * 2 ), ■ • ■ (A fc , * fc ), (A_, 

with compatible boundary asymptotic limits in the sense of section 6.2 in Here (A±,^±) 

are solutions to the perturbed Seiberg-Witten equations fclQ ) on [X±(ao),S±), and (Ai,^fi)'s are 
solutions to the perturbed Seiberg- Witten equations on (K x Y, t) . 

Proof. When restricted to [—R,R] x Y C X(R), (Ah,^r) is gauge equivalent to a path 
Yr(X) — V'(i)) <= [ — jRjiJ] which is a gradient flowlinc of C v ,p on Ay with uniformly 

bounded energy. Introduce the following function on [-R, R] 

f R (t) = \\VC n ,p( lR (t)\\l 2{Y) 

Then J^ R f R (t)dt is uniformly bounded. The argument in |fl5f can be employed here to show 
that as R — > oo, there is at least one point to £ ^ such that the geometric limit of fa vanishes 
at to, hence the geometric limit of (A#, *S>r) splits into two solutions to the perturbed Seiberg- 
Witten equations ( |49| ) on (X±(oo),S±). Following the procedures in the proof of Theorem 4.1 
in [p0[ , there exists a subsequence of {(A#, ^r)}r which converges in L\ ioc -topology to 

{(A+, +), (Ai, (A 2 , * a ), • • • (A fe , * fc ), (A_, *_)} 

with the properties as claimed in the theorem. The upper bound on k follows from the uniformly 
bounded energy for {(A R , ^ R )} R . □ 

The standard gluing argument shows that any sequence of solutions with compatible asymp- 
totic limits can be glued to produce a solution to the perturbed Seiberg-Witten equations ( p9| ) 
on (X(R),s) for a sufficiently large R and some s G Spin c (Jf, s±). In order to formulate this 
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gluing theorem, we briefly discuss various gluing models by studying the asymptotic limit maps 
for the moduli spaces on (X±(oc),S±). 



The moduli spaces Mx±(s±) are described in Proposition 4.2 and Proposition 4.4, in par- 
ticular, there are two asymptotic limit maps: 

5±: M x± (s±) — M Y ,x ± (l,v) 

where A4y,x±(t,v) are covering spaces of Aiy(i,v) with fibers consisting of H 1 (Y, 1)/Im{i±)- 
homogeneous spaces. Recall that M.y.x± (t, 77) and My,x are the moduli spaces of 3-dimensional 
monopoles on (Y, t) modulo those gauge transformations which can be extended to X± and X 
respectively. 

Denote by A4y,+/- the equivalent classes of 3-dimensional monopoles on (Y, t) under the ac- 
tion of gauge transformations on det{i) which can be extended to either X+ or X- (not necessar- 
ily both). Then My,+/- is a covering space of My (t, 77) with fiber a H 1 (Y, Z) / ' {Im{i* + )+Im{i*_)) 
homogeneous space. Hence, there is an action of H 1 (Y,Z) / \Im(i* + ) + Im(i*_)) on A4 Y+ /_, 
this action defines an action of HT^Y, Z)/(Ito(£+) + Im(i*_)) on HF^JJ m ^ )+/m(i , jj (Y, 77), 
that is, for any [u] € iS^F, Z)/(/m(i+) + Im(i*_)), there is an A(Y)-equivariant homo- 
morphism on ff^[f m(i;)+/m( . i ._ )] (Y ry) which decreases degree in HF^ m ^ )+Imm] (Y, 77) by 
< [u] Aci(f/),[Y] >. 

The following commutative diagram illustrates the relationship between these covering spaces 
of A4y(t, 77) (the structure groups of covering spaces over A4y (t, 77) are given by Diagram (^|) in 
the Introduction): 

My, X+ (t,V) 
/ \ 

My,x(t,r,) — » w A<y, + /-(M) • (62) 

\ > 
■My,x_(t, 77) 

The compositions of 7r± with 9^, give rise to the following asymptotic limit maps: 

7r ± o<9±: M x± (s±) — > M Y ,+/-(i, rf). 

Denote by M.x±,x{s±) the moduli spaces of solutions to the perturbed Seiberg-Witten equa- 
tions ( f49| ) on (X±(oo),s±) modulo those gauge transformations on (X±(oc),S±) which can be 
extended to X. 

The following gluing theorem establishes that for a sufficiently large R, the moduli space 
M-x(R){ 5 ) f° r an y s £ Spin c (X,S-|-) can be obtained by gluing certain components of the moduli 
spaces Aix±(s±) on the cylindrical-end 4-manifolds [X±(oo),S±). 
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Theorem 4.10. For any Spin c structure s = s+# u s_ € Spin c (X, s±) with u represents a gauge 
class in H 1 (Y,Jj)/(Im(i* + )+Im(i*_)), there is a sufficiently large Rq such that for any R > Rq 7 
there exists the following orientation preserving diffeomorphism 

M X (R)(s) = [u](Mx+(s+)) x MYt+/ _(t i7l) Mx-(S-)- 

Here [u](M x+ (s + )) 

x m y +/- (t,?)) (-6—) is the fiber product of A4 x + {s +) and M.x _ (•*>—) over 
A4y,+/-{t, rj) with resepct to the maps [u] o n + o <9+ and 7r_ o respectively. 

Proof. We only give the proof for [u] — in H 1 (Y 1 HL)/{Im{i* + ) + Im(i*_)) here. Then 
s = s + #s_ is the Spin c structure obtained by gluing the Spin c structures s± long Y using a 
gauge transformation which extends to either X + or X_. The proof for general [it] is similar. 



Given Theorem 4.9 and Proposition 4.4, we only need to prove that for a sufficiently large 



R, there exists an embedding 

Mx + (s + )x MY+/ _ {i)V) Mx_(s-) — > \J M X {r)(s). 

seSpin c (X,s±) 

The actual gluing procedure is fairly standard, see Theorem 4.9 in p(J (Cf. ]29] and O] in the 
instanton case) for the detailed gluing argument. Here we just set the stage in our case and 
leave the details to the reader. 

Let ([A + , [A_, € Mx + (s+) ><M Y +/-(t,n) -Mx- ( 5 -)> then we can choose two repre- 



sentatives, still denoted by (A + , and (A_, respectively. Then from Proposition 4.4 and 
Proposition |4.2| , we know that (A±,^±) are solutions to the perturbed Seiberg-Witten equa- 
tions ( pgj ) on (X±(oc),S±), decaying exponentially in the C 2 -topology to (A±,ip±) (solutions 
to the perturbed Seiberg-Witten equations (Q) on (Y, t)) and that the cokernels of the operators 
2?(a±,*±) ( p>3| ) are trivial. 
As 

7r + o9+([A +) * + ])=7r_o9-([A_,*_]) 

there exists a gauge transformation in C°°(Y,U(1)) with [g] E Im(i+) + Im(i*__) such that 
(A + ,ip + ) — g(A-,i/j-). As [g] € 7m(i!_) + Im{i*L_) then 5 can be extended to either A_ + or X_. 

Suppose that [g] € Im{i* + ). Let g also represent the extended gauge transformation on 
X+(oo). Apply the gluing argument to the element (g _1 (A+, 5'+), (A_, ^ -)) as in section 
4.2 of fl20ft . Then for each sufficiently large R, there is a unique solution to the perturbed 
Seiberg-Witten equations (|59| ) on with some Spin c structure in Spin c (X,s±). Write 

<7 _1 (A_|_, 5' + )#fl(A_, $_) for the resulting monopole on X(R). If [3] € Im(i*_), then the same 
procedure yields a unique monopole (A + , ^ + )# i? g(A_, '&_). Notice that 

. 9 - 1 (A+,vI/ + )# fl (A_,vl/_) = (A +) * + )# flfl (A_,*_) 
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if and only if [g] £ Im(i* + ) n Im(i*_). This completes the sketch of the proof. □ 

Notice that all the groups Im(i±), Im(i* + ) n Im(i*_) and Im{i* + ) + Im(i*_) are subgroups 
of Ker(cx(t)), hence, there is an induced commutative diagram of A(Y~)-equivariant homomor- 
phisms on the corresponding Seiberg-Witten-Floer homologies: 

HK s J[ m{i , +)] (Y,t) ^ 
/ \ 

^*,[Im(i;)nlm(i*)](^'*) w _ ^ F *,[Im(i' + )+/m(i*)] (¥> l ) (63) 

\ / 

HF S W ,..v(Y,t). 

Recall that the relative invariants SWx ± (s±,-) take values in HF^ Jj m ^ ^ (V, t) and 
HFfJi m (i» )](~Y> ~ *•) respectively. Under the homomorphism 7r± in (|63|), 7r±(5Wx ± (s±, •)) take 
values in 

^- F * S '[fm(i;)+/m(il)](^ t ) an( i ^^* S [fm(i* )+/m(i* )](~ ^' 

respectively. 

From the definition of the relative invariants SWx± (s±, ■) and the definition of the Seiberg- 
Witten invariant for (X(R),s) with s = S+#r u ]S_ G Spin c (X, s±), Theorem f.lC implies the 
following gluing formula. 

Theorem 4.11. Suppose that X is a closed ^-manifold with b 2 > 1, which splits along a closed 
3-manifold (Y, t) im'f/i bi(Y) > awe? ci(t) is non-torsion. Suppose that there are Spin c structures 
s+ and s_ on X + and X^ respectively such that s+|y = s_|y = t. Then for a Spin c structure 
5 = s+7^[ u ]S_ in Spin c (X,s±), where [u] £ H 1 (Y 1 Z)/(Im(i*^) + Im(i*_)), we have the following 
gluing formula for the Seiberg- Witten invariants: 

SW x (s,z+Z-) = ([u](7r + (5Wx + (8 + ,z4.))),7r_(SWx_(s_,z_))) (64) 



where [u] acts on HF s J^ m ^ ^ +Im ^ jj (— Y, — t) as m Remark 3.21, ir± are the induced A(Y)- 
equivariant homomorphisms from Im(i±) C 7m(i^_) + Im(i*_) (see Diagram $5$Q), and (,) is 
i/ie pairing on 

™f/i £/ie degrees in HF^J[ m ^^ +Im ^^(—Y,-t) shifted by 

d x (s) = \{d{s) 2 - (2 X (X) + 3a(X))) = deg{z x ) + deg(z 2 ), 

and z± G A(X±). When b^ = 1, the Seiberg- Witten invariants SWx(s, •) is defined with a fixed 
orientation on H 2 ' + (X,WL) such that ci(s) -lu + > for an oriented generator u> + of H 2 ' + (X,R). 



59 



Note that SWx(s, Z1Z2) — for any s with dx[s) ^ deg(zi) + deg(z2), and 

S = {i£ Spin c (A,s±) : dx(s) = deg(zi) + deg(z 2 )} 
Ker(ci(t)) 

is an affine space over — r ; — r. Summing the gluing formulae (p4) over all Spin c 

Im[yl_) + Im\i_) 

structures in Spin c (A,s±), we obtain that 

Y,SW x {s,z+zJ) = ((Tr(SW x+ (s + ,z + )),Tr(SWx_(s-,z-))}. (65) 

7SW 



Here tt is the map (Cf. (^5J) ) from HF^ m{i , ±)] {±Y,±rj) to 

HF^K er{ciM)] (±Y, ± V ) S HF? W (±Y, ± V ), 

under the periodicity map fl43|), n(SWx ± (s±,z±)) take values in HFf w (±Y, ±t), and the right 
hand side of (|6^) the natural pairing on 

HF? w (Y,i)xHF? w (-Y,-i). 

In particular, in the case of Im{i* + ) + Im{i*_) = Ker(ci(t)), the left hand side of (^5|) has at 
most one term. 

As an application of these gluing formulae, we briefly mention some results in ^6|. Applying 
the gluing theorem, Muhoz and Wang obtained a ring structure on HFf w (E g x S 1 ,^) where E g 
is a closed surface of genus g > 1 ands r is the Spin c structure on EgXS 1 with ci(s r ) = 2rPD(S 1 ) 
(-(5-1) <r< g-1). Note that Ker( Cl (s r )) = H 1 (E g , Z) and H 1 ^ xS 1 , Z)/Ker(c 1 (s r )) S Z. 
Set d = g — 1 — \r\, we only discuss the case of r 7^ here. Denote by s r also the Spin c structure 
on E g x D 2 with ci(s r ) = 2rPD([pt x I? 2 ]), where D 2 is a 2-dimensional disc. The relative 
invariants for E ff x D 2 define a map 

A(E g x £ 2 ) = A(E ff ) — HF? w {V a x S\s r ) 

z 1 * 5W E xZ3 2(s r ,z). 



Then the gluing theorem (Theorem 4.11) tells us that 

+ nPD(T,„), Z1Z2), 

for any z\,z 2 G A(E 5 ). For dimensional reasons there is at most one n S 1 such that 
SWs xs 2 ( s r + 2nPD([E 5 ]), Z1Z2) is non-zero. If deg(zi) + deg(z 2 ) = 2<i, then 

(SW SgXD 2( 5r ,z 1 ),SW SgXD 2( 5r ,z 2 )) = { Zl z 2 ,[Sym d (^ g )]). 

These pairing, along with others in |^6| , can be used to study the structure of HF^ W (S g x S 1 , s r ) , 
see pa] for explicit calculations. 
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